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Abstract

In this paper, we establish some new inequalities in the complex plane that are inspired by
some classical Turdn-type inequalities that relate the norm of a univariate complex coeffi-
cient polynomial and its derivative on the unit disk. The obtained results produce various
inequalities in the supremum-norm and in the integral-norm of a polynomial that are sharper
than the previous ones while taking into account the placement of the zeros and some of
the extremal coefficients of the underlying polynomial. Moreover, our results besides derive
polar derivative analogues of some classical Turdn-type inequalities also include several
interesting generalizations and refinements of some integral inequalities for polynomial as
well. Some numerical examples are given in order to graphically illustrate and compare the
obtained inequalities with some classical results.

Keywords Turan’s classical inequality - Minimum Modulus Principle - Polar derivative of a
polynomial

Mathematics Subject Classification 30A10 - 30C10 - 30C15

1 Introduction to Turan type inequalities

Let P, be the class of all complex polynomials P(z) := Y ,_,cvz"” of degree n and P’'(z)
its derivative. The study of Turdn-type inequalities relating the norm of the derivative and
the polynomial itself as well as generalizing the classical polynomial inequalities is a fertile
area in analysis for researchers. Here, we study some of the new inequalities centered around
Turan-type inequalities that relate the norm of the polar derivative (derivative) and the poly-
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nomial under some conditions. One of the Turdn’s classical inequality [26] provides a lower
bound estimate to the size of the derivative of a polynomial on the unit circle in the plane
relative to the size of the polynomial itself when there is a restriction on its zeros. It states
that if P € P, and P(z) has all its zeros in |z| < 1, then

max |P'(z)] > = max |P(2)|. (1.1)
lzl=1 2 Jz|=1

Asarefinementof (1.1), Azizand Dawood [2] under the same hypothesis proved the following
result:

lz|=1 lz|=1

Equality in (1.1) and (1.2) holds for any polynomial which has all its zeros on |z| = 1.

Over the years, Turdn’s inequality (1.1) has been generalized and extended in several
directions. Before proceeding towards some specific generalizations of (1.1) for a particular
operator, we find it useful to mention few of its extensions for the ordinary derivative. As an
extension of (1.1), Malik [13] established that

max |P'(2)| > g{max [P(2)] + Irrlllzq |P(z)|}. (1.2)

n
lmaXI @) = l+kmaX| @I, (1.3)
when the polynomial P € P, has all its zeros in |z]| <k, k < 1.
As a generalization of (1.1), Govil [10] proved that if P € P, has all its zeros in |z| < &,
k > 1, then

n
|rr}alle(z)l > T |m‘ax|P(z)| (1.4)
Equality in (1.3) holds for P(z) = (z+k)", where as equality in (1.4) holds for P(z) = z"+k".

Although the inequality (1.4) is sharp but it has a drawback. The bound in this inequality
depends on the zero of largest modulus and not on the other zeros even if some of them are
very close to the origin. This was taken into consideration by Aziz [1], who proved that if
P(z) = ¢y [[=;(z — zv) is a polynomial of degree n having all its zeros in |z| < k, k > 1,
then

n

2 k
max |P'()] = ZHW max | P(2)], (1.5)

whereas in 2008, Dewan and Upadhye [5] strengthened (1.5) by proving under the same
hypothesis that

n n

max | P'(z)| > [ 2 mﬁlxll"( )+ L o] n|P( )I] E k (1.6)
)| > Z — Z _— .
lz]=1 1+ k" |z]=1 k" k"—l—l\l k u:1k+|z"|

Equality in (1.5) and (1.6) holds for P(z) = z" + k".

In 2007, Dubinin [7] used the classical Schwarz lemma and obtained an interesting refine-
ment of (1.1). Precisely, Dubinin proved that if P(z) = Z’V’ZO cyz” € P, has all its zeros in
|z] <1, then

1 |en| — lcol
max |P'(2) 2[ +77}max P(2)|. 1.7
el 2leal 1 leol | PO (.7

Itis worth mentioning that different versions of Turan’s inequality (cf. [15, pp. 664—674]) have
appeared in the literature in more generalized forms in which the underlying polynomial is
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replaced by more general classes of functions. These inequalities have their own significance
and importance in Approximation theory. Before proceeding to some other results, let us
introduce the concept of the polar derivative involved. For P € P,, we define

DgP(z) :=nP(2)+ (B —2)P'(2),

the polar derivative of P(z) with respect to the point B (see [14] and [9, Chap. 6]). The
polynomial Dg P (z) is of degree at most n — 1 and it generalizes the ordinary derivative in
the sense that

lim { bpP@)
B

uniformly with respect to z for |z] < R, R > 0.

Various results of majorization on the polar derivative of a polynomial can be found in the
comprehensive books of Milovanovi¢ et al. [15], Marden [14] and Rahman and Schmeisser
[24], where some approaches to obtaining polynomial inequalities are developed on applying
the methods and results of the geometric function theory. For the latest research and devel-
opment in this direction, one can see some of papers and monographs (see [9, 12, 16-20,
22]).

In 1996, Shah [25] established the polar derivative analogue of (1.1) by proving that if
P € P, has all its zeros in |z| < 1, then for every 8 € C with || > 1,

1Bl -1
2

} = P'(2),

B—00

‘m‘aﬁ [DgP(z)| = n
Zl=

max |P(z)]. (1.8)
lz|=1

If we divide both sides of the above inequality (1.8) by | 8] and let || — 400, we obtain the
inequality (1.1). Aziz and Rather [3] extended (1.3) to the polar derivative of a polynomial
by showing that if P € P, has all its zeros in |z| < k, k < 1, then for every 8 € C with
1Bl = k,

Bl —k
DgP(2)| >
E}i’f' B (z)l_n1+k

max |P (), (1.9)

whereas, in the same paper, Aziz and Rather showed thatif P € P, has all its zeros in |z| < k,
k > 1, then for | 8| > k,

1Bl — & max |P(2)], (1.10)
1 + k" |z|=1

|m‘a)% |[DgP(z)| = n
zZ|l=

thereby giving a polar derivative generalization of (1.4).
Govil and McTume [11] proved under the same hypothesis as in (1.9), that

max |DgP(z)| > n Pl - L
lz|=1 - 14k

max | P(z)], (1.11)

lz]=1
for every g € C with |8| > L, where

. nk2|cnl + len—1]

. (1.12)
[cn—1] + nlcy|

A similar type of modification as in (1.6) to the inequality (1.10) was given by Dewan and
Upadhye [5], who proved that if P(z) = Y \_;cvz” = ¢ [ [ (z — zv) is a polynomial of

degree n having all its zeros in |z| < k, k > 1, then for |8| > k,
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154 Page4of23 G. V. Milovanovi¢ et al.

Dp PO = (Bl — k) | — pol+ 2 i pa ]y
max — max — - — min .
Ly A= T+ & o T e e 1 e k+ (2]

(1.13)

v=1

In 2018, Mir et al. [23] extended (1.7) to the polar derivative of a polynomial and thereby
obtained a generalization of it. More precisely, they proved that if P(z) = Y y_cvz” € Py
has all its zeros in |z| < 1, then for every 8 € C with || > 1 and |z| = 1,

Bl —1 lcnl — lcol
DgP > P . 1.14
[DgP(2)| = 5 n+|cn|+|CO| lr?‘a:)}l €9] (1.14)

They also proved the following more general result that if P € P, has all its zeros in |z| < 1,

then for every 8 with || > 1,0 < < l and |z| = 1,

DsP@)| 2 g{qm ~ Dmax |P(2)] + (18] + 1)rm1}

Bl =1 lcpl —1my — |CO|{
n .

_l’_
2 lcn| — tmy + |col

male(Z)I—tml}, (1.15)

lz]=1

where m1 = minj; =1 | P(z)].

Equality in (1.15) holds for P(z) = (z — 1)"* withreal 8 > 1.

Very recently, Chanam et al. [4] obtained an inequality which is the L -analogue of (1.14).
In fact, they first proved the following result:

TheoremA If P(z) = Y y_ycvz” € Py has all its zeros in |z| < 1, then for every p € C
with |B| > 1 and for each r > 0,

2 I/r 2 1/r
A 1 1 _ A
{/ |DﬂP(e19)|’d0} . n(|B| ){1+7. lcnl Icol}{/ |P(e‘9)|’d9} .
0 2 n|cal + lcol 0

(1.16)

As an application of Theorem A, they also proved the following L"-analogue of (1.15).

TheoremB If P(z) = Y y_cvz” € P, has all its zeros in |z| < 1, then for every € C
with |B| > 1,0 <t < 1 and for each r > 0,

1/r
2w . r
/ <|D,3P(e19)| - mlnt|ﬂ|> do
0

_ L — 2w ) r 1/r
> l’l(|‘3| 1) 1+ l . |Cn| tml |CO| {/ <|P(619)| _ tm1> d@} , (117)
0

B 2 nen| —1my + |col
where m1 = min; =1 | P(z)|.

Taking limits as r — 400 in (1.16) and (1.17), we get (1.14) and (1.15), respectively.

The present paper is mainly motivated by the desire to establish some improved bounds
for the polar derivative (derivative) of a polynomial both in the supremum-norm and in the
integral norm. The obtained results produce various Turdn-type inequalities that are sharper
than the previous ones while taking into account the placement of the zeros and some of the
extremal coefficients of the underlying polynomial.
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The paper is organized as follows. In Sect. 2, we present some auxiliary results necessary
in proving the main results. Section 3 is devoted to the main results in the supremum-norm
and in the integral norm. Some numerical results are given in Sect. 4 in order to graphically
illustrate and compare our inequalities with some classical results. Finally, Sect. 5 contains
some conclusions.

2 Auxiliary results

For the proofs of our main results, we use the lemmas presented in this section.

Lemma2.1 If P(z) = Y o_ocvz’ € Py, and P(z) # 0in |z| < 1, then for R > 1 and
0<t <1, wehave
1+ R" Rlcy| —1t
max Py < A ROUeol + Rleal —tmp)
lzI=R (I + R)(lcol + len| — tmy)  Jzl=1
((1 + R")(lcol + Rlen| — tmy) 1)
- - tmla
(I'+ R)(lcol + len| — tmy)

2.1)

where m| = min; =1 | P(z)|.
Equality in (2.1) holds for P(z) = (u +vz")/2, |u| = |v] = L.

This lemma is due to Mir et al. [21].

Lemma22 IfP(z) = Zﬁ:o vz’ € Pphasallits zerosin |z| <k, k > 1, thenfor0 <t <1,
we have

Pl =2 1+ 52 s | max 1P o)
max max
|z|=k b= 1+ k" 2 ! |z|=1 <

k—1

T ek LS ] L 22)

where S;(k) and m are given by
K"lcal = lcol — tm ,
S (k) = and ~m = min |P(z)|.
k*lcn| + klcol —tm |zl=k

Equality in (2.2) holds for P(z) = 7" + k.

Proof Let T (z) = P(kz). Since P(z) has all its zeros in |z| < k, k > 1, the polynomial 7 (z)
has all its zeros in |z| < 1. Let H(z) = z'T (1/z) be the reciprocal polynomial of T (z),
then H (z) is a polynomial of degree n having no zeros in |z| < 1. Hence applying (2.1) of
Lemma 2.1 to the polynomial H (z), we getfork > 1,and 0 <t <1,
n n *
max |H ()| < (1 + k") (K" |cp| + klcol — tm™) max |H (2)|
lz|=k (1 + k)K" |cp| + |co| — tm*)  |z|=1
~ ((1 + K" (K" el + Klco| — tm*) 1) -
(1 + k)K" [en] + |col — tm™*) ’

2.3)

where m* = minj; = |H (2)].
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154 Page60f23 G. V. Milovanovié et al.

Since |H(z)| = |T(z)| on |z| = 1, therefore,

m* = minp = |H(z)| = minjz = [" P (£)] = min;;j— |P(2)| = m,

maxz|=1 |H (z)| = maxzj=1 [T'(2)| = maxjg= | P ()],

and

k
"P ()‘ =k" ‘m‘a)i |P(2)].
z7|l=

max |H (z)| = max
\ |=k z

|z|=k |z
The above when substituted in (2.3) gives

(I + )K" lenl + lcol — tm) )

k" max | P(z)|
(1 + k™) (k" [cn| + klco| — tm)

lz|=1

ma:;ilP(z)l z(

Izl

1+ k) (k" —t
+<1_ (1+ k)K" leal + lcol — tm) ) 04
(I + &Mk enl| + klcol — tm)
Using the fact that
(A + k) (k"|enl + |col —tm) 2 (k" |cn| — col — tm)(k — 1)
(I + k) (kM cn| + klcol —tm) — 1+k" (14 k") (k" |c,| + klco| — tm)’
in (2.4), we get (2.2) and this completes the proof of Lemma 2.2. ]
Lemma23 IfP(z) =) _gcvz” € Py, thenforall R > 1,
max |P@)] < R' max |[P()| = (R = R"Z) PO if n=2, 2.5)
Z|= Z|=
and
ln‘laglP(Z)l ER‘m‘aﬁlP(Z)l—(R—l)lP(O)I, fn=1 (2.6)
7|= 7|=

The above lemma is due to Frappier et al. [8].

Lemma24 If P(z) = Zﬁ:o cvz' € Py, has all its zeros in |z| <k, k <1, thenon |z| = 1,
we have

nk2|cn| + len—1l

/
10'(2)| < Tl |P'(2)],
where Q(z) = z”W/Z).
This lemma is due to Govil and McTume [11].
Lemma25 Ifx,, v=1,2,...,n, is a sequence of real numbers such that for all v € N, we

have 0 < x,, <1, then foralln € N

n

Zl—xv - l—]_[,'lex,,.
l4+x, — 1+T]0_; %

v=1

Proof We prove this result with the help of mathematical induction and we use induction on
n. The result is trivially true for n = 1.
Forn =2
1—xg 1—x2>1—x1x2
14+ x; 14+xy = 1+x1x2
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if
2(1 — x1x2) - 1 —x1x
L+x+x+xix2 ~ 1+xx
i.e.,if (1 —x1)(1 —xp) > 0, which is true, since x, xo < 1. This shows that the result holds
for n = 2. Assume the result is true for n = s € N. Now, since ]_[f)=l xy < 1, we have

H_ll—x,,_ 1—x, 1 — X541
;l"‘)&f\) Zl—i—xp 1+ x541
Ll D
T+ x4 x4
N
BRRE JAp
This shows that the result holds for n = s + 1 as well. Therefore, by the principle of

mathematical induction, it follows that the result holds for all n € N. This completes the
proof of Lemma 2.5. o

(by induction hypothesis)

(by the case n = 2).

Lemma2.6 If P(z) = > "_ycvz’ € Ppand P(z) # 0in|z| > k, k < 1, then for each point
zon|z| = 1 at which P(z) # 0, we have

P’ ko K'|cal —
Re(z (z))2 n |k Kl —leol | o
P@ )T T+k | T el + leol

Proof Recall that P € P, and P(z) has all its zeros in |z| < k, k < 1. If z1,22,..., 2x
are the zeros of P(z) = Zﬁ:o ¢yz" of degree n, then |z,| < k, k < 1, and we can write
P(z)=cy H]’f:l(z — zyp). This giVCS
P'(2) Z z
P(2)

v=1 LT W

Now for the points el 0 <0 <2, with P(em) # 0, we have

16P(619)
Re( Pa) ) ZRe( )
" 1

> -
_;1+|ZV|

B + k — |z
T4k 1+k <k +klz|

n k

1= Jzl/k
>
- 1+k+1+k

1+ |Zv|/k

iM=1

Since |z, |/k = 1, v=1,2,...,n, we get on using Lemma 2.5 for the points el 0<0 <
27, with P(el?) £ 0,
P (ei?) L+k  1+k 14T lzul/k
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. k1 —lcol/k"|cyl
T 14k 1+k 14 |col/kMenl

which is equivalent to (2.7). This completes the proof of Lemma 2.6. O
Lemma2.7 If P(z) =) ,_gcvz” € Py has all its zeros in |z| < k, k > 0, then

m
len| > —,
K

where m = min;— | P(2)|.
Proof Since P(z) = Y _,cyz” hasallits zerosin 0 < |z| < k,then Q(z) =z"P (1/2) #0
for |z| < 1/k. We can assume without loss of generality that Q(z) has no zero on |z| = 1/k,

for otherwise the result holds trivially. Since Q(z) is analytic in |z| < 1/k and has no zero in
|z| < 1/k, by the Minimum Modulus Principle,

E]

| =

milr}kIQ(Z)I =1Q9@| for |z| <

|z|=

which implies

L.
T f;,“i;i'P(Z)' =10@)| for |z] < T

which in particular gives

m 0 —
o < 12O = enl.

This proves Lemma 2.7. O

Lemma 2.8 The function

k2
X S(r) = X Ee
X +c

where k < 1 and ¢ > 0, is a non-increasing function for x > 0.

Proof 1t is clear from
c(l1—k%)

YW= S

3 Main results

In this section, we present our main results.

We begin by proving the following Turdn-type inequality for the class of polynomials
having all zeros in |z| < k, k > 1, by obtaining a bound which involves the modulus of each
zero of the underlying polynomial, and at the same time our result sharpens (1.5), (1.6) and
several of the earlier related inequalities considerably.
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Theorem3.1 If P(z) = Y y_ocvz’ = cn [14=;(z — zv) is a polynomial of degree n > 2,
having all its zeros in |z| < k, k > 1, then for 0 <t < 1, we have

max | P'(z)| > [1 + QSz(k)] max | P(z)]

lz|=1 1+ k" 2 lz|=1
+1[k" - 1)S(k)]t YK taww, @
—1 = — m Cc s .
2kn t Skl
where
1 ! if 2
k"cn| — |co|l — tm o v n=s
S,k = el Z ol 2t g ?
k'|cp| + klco| —tm 1— = if n=2
k’ ’
and

m = min |P(2)|.
|Z|=kl @

Equality in (3.1) holds for P(z) = 7" + k™.

Proof First, we suppose that

P(z) = chz“ =cy H(z —2Zy)
v=0 v=1

is a polynomial of degree n > 2. Recall that P(z) has all its zeros in |z| < k, k > 1, therefore,
all the zeros of

F(z) = P(kz) = c,k" ﬁ (z - Zk—v)

v=1

lie in |z] < 1. Since for all z on |z| = 1 for which F(z) # 0, we have

F'(D) z
F(z) _;z—(zu/k)’

FD)\ z
Re( F(2) ) B Z;Re (z = (zv/k))

n
1
> [
- ; 1+ |z, /K]

therefore,

k

n
=1 k+ |Zu|

for all z on |z| = 1 for which F(z) # 0.
This gives

n

k
ZZk'ﬁ‘lZvl’

v=I

7F'(2)
F(z)
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154  Page 10 of 23 G. V. Milovanovi¢ et al.

for all z on |z| = 1 for which F(z) # 0. Therefore

n

max |F'(2)| > max | F(2)], 3.2
max | F'(2) ;HW max | F(2)| (32)
which is equivalent to
n
k P'(kz)| > P . 33
max| <z>|_2k+|2v||rgg| @ (3.3)

v=1

Since P’(z) is a polynomial of degree n — 1 and k > 1, and hence applying inequality (2.5)
of Lemma 2.3 to the polynomial P’(z), we get

max |P'(k2)| = max [P'()] < K"~ max [P'@)] = ("~ = k") e,
Z|l= Z|= =

Using this and Lemma 2.2 in (3.3), we getfork > land 0 <7 < 1,

n

0 max 1Pl — (1— L) ey b s % 15 s ) max 1P|
A )N Tk 2 R

k—1 n—1 n—2 . k
S [KT AT ek L= S (K ftm > —

+ )
k+|Zv|

v=1

which is equivalent to (3.1), and thus Theorem 3.1, in the case n > 2 is proved.
The proof of the theorem in the case n = 2 follows on the same lines as above except that
instead of inequality (2.5) of Lemma 2.3, we use (2.6) of the same lemma. O

If we do not have the knowledge of min|;— | P(z)| or t = 0, we get the following result
from Theorem 3.1 which represents a refinement of (1.5).

Corollary 3.1 If P(z) = > _ycvz’ = ¢n [[y—1(z — zv) is a polynomial of degree n > 2,
having all its zeros in |z| < k, k > 1, then

n

2 (K"|enl = leol(k — 1) k
max |P'(z)| > + EimaxPz + e k),
\zI:ll @I = 1+ kn (1 + kmy(k"™|cp| + klcol) k+ |2y |Z\:l| (@)1 ler]r (k)

v=1

(3.4
where (k) is as defined in Theorem 3.1. Equality in (3.4) holds for P(z) = 7" + k™.

Remark 3.1 Recall that the polynomial P(z) has all its zeros in |z| < k, k > 1. If P(z) has
a zero on |z| = k, then m = minj;— [P (z)| = 0 and in this case Theorem 3.1 reduces to
Corollary 3.1. Henceforth, we suppose that P(z) has all its zeros in |z| < k, k > 1. Let
H(z) = P(kz) and G(z) = z"H (1/7) = 7" P (k/Z), then all the zeros of G(z) liein |z| > 1
and |H(z)| = |G (2)] for |z| = 1. This gives m < |P(kz)| for |z| = 1, and since m /P (kz) is
not a constant, it follows by the Minimum Modulus Principle, that

Replacing z by 1/7z, it implies that

= |P(kz)| >m for |z] < 1.

|P(kz)| = m|z|" for |z] > 1,
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or
n
1P(2)| zm‘ﬂ for |z] > k. (3.5)

Consider the polynomial F(z) = P(z) 4+ Am, where A € C with |A| < 1, then all the zeros
of F(z) liein |z| < k. Because, if for some z = zy with |zg| > k, we have

F(z0) = P(z0) + Am =0,
then

|P(z0)| =

which is a contradiction to (3.5). Hence all the zeros of P(z) + Am lie in |z]| < k, k > 1 for
every A with [A| < 1.If zy, z2, . .., 25, are the zeros of

n
P(@) +hm = (co+Am) + ) cy2”,

v=1
then
co+ Am

Cn

‘z |z1z2 - zo| < K. (3.6)

If in (3.6), we choose the argument of A suitably, we get
lcol + [Alm < k" |cnl. (3.7)

If we take || = 7 in (3.7),sothat 0 <t < 1, we get |co| + tm < k"|c,|. Using this, it easily
follows that

k"|cu| = lco| —tm

k"|cp| + k|co| — tm

= S:(k) = 0. (3.8)

Also, by Lemma 2.8 (see Sect. 2), we have |c,| > m/k", which further implies that

|P()|>| |>—>L 0<tr<l1
max Z C s .
e n_kn_kn

Using this and k£ > 1, one can easily check that
=11
¢ (x) < + T

is an increasing function of x. Thus, from Theorem 3.1, we get the following refinement of
(1.6).

—1 k —
)maX|P(z)|+ (k" ! k"72+~-~+k—|—1—x>tm,

Corollary3.2 If P(z) = Y y_gcvz” = cn [[y—1(z — zv) is a polynomial of degree n > 2
having all its zeros in |z| < k, k > 1, then for 0 <t < 1, we have

n n

ma |P’()|>{ 2 x| P+~ }Z
X )| > x 4 — m
lzl=1 1+ k" lzl=1 krokt 1) kA |z

+lcily k), (3.9

where (k) and m are as defined in Theorem 3.1. Equality in (3.9) holds for P(z) = 7" +k".

Our next result is a polar derivative generalization of Theorem 3.1, which also provides a
strengthening of (1.13).
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Theorem3.2 Let P(z) = Y _cvz” = cn [ 1o (z — zv) be a polynomial of degree n > 2,
having all its zeros in |z| < k, k > 1. Then for every complex number B with |B| > k, and
0<t <1, wehave

1Bl —k
1+ k"

k—1
max |DgP(z)| =2 |:1+7S,(k)i| max | P(2)|
lz]=1 2 z|=1

1 Nk
F |k =1 = (k= 1)S, (k) [tm
2k”[ (k= 1)5( )] §k+|zv|

+ |nco + Beily (k), (3.10)

where S;(k), (k) and m are defined in Theorem 3.1. Equality in (3.10) holds for P(z) =
K

Proof Let F(z) = P(kz), where P(z) is a polynomial of degree n > 2 having all its zeros
in |z| < k, k > 1. Therefore, all the zeros of F(z) lie in |z] < 1, hence by (3.2), we get

n
max |F'(2)| >
max | @l=y

v=1

F(2)|. 3.11
Kt o] fﬁ’i’i' €3] (3.1D

Let H(z) = 7" F (1/7). Then it can be easily verified that
|H'(z)| = [nF(z) — zF'(z)| for [z| = 1. (3.12)

The polynomial H (z) has all its zeros in |z] > 1 and |H (z)| = | F (2)| for |z| = 1, therefore
on applying Lemma 2.4 for k = 1 with P(z) replaced by F(z) and Q(z) by H(z), we get

|H'(2)| < |F'(z)| for |z] = 1. (3.13)

Now, noting that by hypothesis, we have |8|/k > 1, hence on using definition of polar
derivative of a polynomial, we get

Dy @) = pF @ + £ )~ 2P )

> ’f‘ \F'@)] = InF() — 2F ()],

which on using (3.12) and (3.13), gives

1Bl —k
k

max |DgjF(2)| = max |F'(z)]. (3.14)
Z|= Z|=

Using (3.11) in (3.14) and replace F(z) by P(kz), we get

n

Bl —k k
Dg P(kz)| > E P(kz)|,
Irgi)ﬂ B/k ( Z)| > mi’ﬂ (k2)|

k — k+|zv| lz]=
v=1
which implies
B ) ) Bl—k <~k
max \nPkz) + | — —z ) kP (kz)| > max | P(32)].
lz|=1 (kz) (k (k2)) = k Zk+|ZU|IZ|:k| @

v=I
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Thus on using the fact that

‘m‘el)i nP(kz) + <§ - Z) kP'(kz)

= max | Dg P(3)|.
|z|=k

gives
Bl -k~ k
max |DgP(z)| > max | P(z2)]. (3.15)
|z|=k| s | k ; k+|zvl |z|=k| |
For |B| = k, the coefficient of z*~! in DgP(z) vanishesif B =z =20 = =2z, =

kel that is, when P(z) is of the form (z — B)", for which inequality (3.10) is obvious.
Therefore, let || > k, and since P(z) is of degree n > 2, and so the polynomial DgP(z) is
of degree n — 1, where n — 1 > 2, and hence on applying inequality (2.5) of Lemma 2.3 to
the polynomial Dg P (z), we get for k > 1,

)

max |DgP(2)| < k"' max |DgP(2)| — (k""" — k"%)| Dg P(0)
Z|= zZ|l=
or

Irr}a)](c |D,3P(Z)’ < k" |m|a)i‘DﬂP(Z)| — (k""" = K" Inco + Beil . (3.16)
Z|= HES
On using (3.16) and Lemma 2.2 in (3.15), we get

1
k! { max}D,_«;P(z)| — <1 — —2> [nco + Bei | } > max |D,3P(z)|
|z]=1 k |z|=k

26" (18] — k) k k—1
= Tk + k) Zk+|2v| [1+Tst(’<>}glla:§|P(z)|

v=I

+k -1
2k"

|:kn71 —|—kn72 +.-+k+1- St(k):|tm ’

which is equivalent to (3.10) for n > 2.
For the case n = 2, the proof follows along the same lines as that of n > 2, but instead of
(2.5) of Lemma 2.3, we use (2.6) of the same lemma. This proves Theorem 3.2 completely.
[m}

Remark 3.2 1f we divide both sides of (3.10) by |B]| and let |8| — 400, we recover (3.1).
If we use the same arguments as in Remark 3.1, we get from Theorem 3.2 the following
refinement of (1.13).

Corollary3.3 Let P(z) = Y _cvz” = cn [[y—1(z — 2v) be a polynomial of degree n > 2,
having all its zeros in |z| < k, k > 1. Then for every complex number  with |B| > k, and
0 <t <1, wehave

max 1D, P@1 = (810 [ 2 apy L L,
et P = e+ 1zl LT+E" 1al=1 Kk km 1
+ Inco + Ber |y (k), (3.17)

where (k) and m are defined in Theorem 3.1. Equality in (3.17) holds for P(z) = 7" + k™.
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We now turn to study some integral inequalities of Turdn-type for the class of polyno-
mials having all zeros in |z| < k, k < 1. In this direction, we first establish the following
generalization of Theorem A.

Theorem3.3 If P(2) = ZLO vz’ € Py, has all its zeros in |z] < k, k < 1, then for every
B € Cwith |B| > k and for eachr > 0,

/ZﬂID petras) = MEZD [} K Kol el /2 peran)
o P T 14k T Rl + ool ’
(3.18)

where L is defined as in (1.12), i.e.,

_ I’lk2|Cn| + len—1l

nlcy| + lep—1l ’

Proof If Q(z) = z"P (1/7), then P(z) = 2" Q (1/z). It is easy to verify that for |z| = 1,
10'(2)| = [nP(z) — zP'(2)|. (3.19)

Using the definition of polar derivative of a polynomial P € P, with respect to complex
number g with |8| > k > L, we have

|DgP(2)| =InP(2) + (B — 2)P'(2)]

> 18l |P'(@)| - |nP(2) (3.20)
which gives by using (3.19) for |z| = 1, that
|DgP )| =IBI|P'(2)| - |Q'(2)]
>(B] — L)|P'(z)]. (by Lemma 2.4) 3.21)
Foranyr > 0and 0 < 6 < 27, from (3.21) we have
|DgPE|" = (1Bl — L) |P' (e
which equivalently gives,
2w . 1/r 2 . 1/r
{f |DﬂP(610)|rd9} > (1Bl - L){/ |P’<e10>|’d9} R )
0 0
By Lemma 2.6, we have for each z on |z| = 1 at which P(z) # O,
n k  k"lcyl — |eol
P(z 27{14—7 —— | P(2)]. 3.23
[P'(2)] Tk nk”|n|+|0||()| (3.23)
Further, it is evident that this inequality follows trivially for those z on |z| = 1 at which
P(z) = 0 as well. Also, from (3.23), we have for 0 < 6 < 27 andr > 0,
2 . 1/r k k”|C |_ |C | 2 . L/r
P' (" rde} S {1+f-7” 0 “/ P ’de}
{/0 el T l+k n k*cnl +lcol ) [ Jo PeEl
(3.24)

The above inequality (3.24) in conjunction with (3.22) yields (3.18). This completes the proof
of Theorem 3.3. O
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Remark 3.3 1f we take k = 1 in (3.18), we recover (1.16). Thus, Theorem 3.3 generalizes
Theorem A. Note that for 0 < » < 1 we work with quasi-norm.

Remark 3.4 Since P(z) = ZZ:O ¢yz” has all its zeros in |z| < k, k < 1, then

Cn—1

Cn

k.

1
n
which can also be taken as equivalent to

_ nk?len| +len1| _

(3.25)
nlcy| + [en—1l

Hence from Theorem 3.3, we get the following result.

Corollary3.4 If P(z) = Y u_ycvz” € Py has all its zeros in |z| < k, k < 1, then for every
B € Cwith |B| > k and for each r > 0,

2 1/r n 2 1/r
. (BI—K) [,k K'eal — lcol .
DpP )| do >"7{1 77}{/ P’ de} .
{/0 PP ) } = U e el U PE7)
(3.26)

If we divide both sides of inequality (3.26) by | 8| and let | 8| — 400, we get the following
result:

Corollary 3.5 If P(z) = > "'_ocvz” € Py has all its zeros in |z| < k, k < 1, then for each
r >0,

2 1/r n 2 1/r
. k k — :
{/ }P'(e‘9)|rd9} > {1+7-7|Cn| |CO|}{/ |P(e‘9)|rd9} )
0 1+k n k"|cy| + |col 0

3.27)

N

If we take k = 1 in (3.27), we get L"-norm version of (1.7). Further, letting r — oo in
(3.26), we get the following refinement of (1.9).

Corollary 3.6 If P(z) = Y u_ycvz” € Py has all its zeros in |z| < k, k < 1, then for every
B € Cwith |B| >k,
n(l —k kk"|cal = leol

DsP >4+ - — P(2)|. 3.28
max | DpP@)| = = { +- wwu+wm}ﬁ3'(@' (3.28)

Remark 3.5 Since P(z) = erjzo ¢z’ #0in |z| > k, k < 1,and if zy, 22, ..., 2, are the
zeros of P(z), then

= lz122- - zal = lz1llz2| -+ |zl < k",

Cn

In view of this fact inequality (3.28) refines (1.9). Furthermore, (3.28) reduces to (1.14) for
k=1.

As an application of Theorem 3.3, we prove the following more general result. One
can observe that the above inequality (3.18) will be a consequence of a more fundamental
inequality presented by the following theorem.
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Theorem3.4 If P(z) = > '_cvz’ € P, having all its zeros in |z| < k, k < 1, then for
every B € Cwith |B| >k, 0 <t < 1andforeachr > 0,

2 1/r
{f (yD P(e”)| - m';;'ﬂ') de}
0

— A(t k K| —t : m\ "
> n(|p| (®)) 1+ 2 [cnl m — |co| / |P(610)| _m de ,
1+k n k”|c,,|—tm+|co| k"

(3.29)

where

2
n (|cal — Ikr»'zl)k +lenl and m_m1n|P(Z)|

At) =
® n(leal = %) + len—1l lz|=k

Proof Since P € P, and P(z) has all its zeros in |z| < k, k < 1. If P(z) has a zero on
|z] = k, then m = minj;— |P(z)| = 0 and the result follows from Theorem 3.3 in this
case. Henceforth, we assume that all the zeros of P(z) lie in |z| < k, so that m > 0. Now
m < |P(z)| for |z| = k, therefore, if u is any complex number such that || < 1, then

Z n
i (7)
Since, all the zeros of P(z) lie in |z| < k, it follows by Rouché’s theorem that all the zeros
of T(z) = P(z) — mu(z/k)" also lie in |z| < k.

Applying Theorem 3.3 to T(z), we have for |8] > k > L', 0 < 6 < 27 and for every
r >0,

27 oy 1/r n Iy bk K'e, — B e 27
{/ ‘D;;T(ele)‘ de} > n(B1-1) 1+~—| z ’j,”,,} ol {/
0 1+k nok"|ew — 5+ lcol

< |P(z)| for |z| =k.

. r l/r
T(e‘e)’ d9} ,

(3.30)
where
1= n}cn L]an}k2+|cn—1|
n ‘Cn - kT
Replacing T (e%) by P(e'?) — ume™? /k" and using the fact that
. . Mmein@ . 1 Lo
DsT(e) = Dg <P(e19) - ) = DgP(e”) — ﬁumnﬂel(" he,
we have from (3.30) for |8| > k,0 < 6 < 27 and for every r > 0,
2 1 r 1/r
[ / DgP(e?) — an,se}("—‘)" dO}
0
n(1g] - L' ko ke, —4m) g e T T L
> (m')(u. [en | 0'){/ P®) — — umei® de} .
1+k n kn|CVl_ K +|CO| k"
(3.3D)
For every u € C with |u| < 1, we have
wm [ elm m
Cn — o > |enl — & > lcp| — k7’ (3.32)
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and |¢,| > m/k"™ by Lemma 2.7. Now, combining (3.32) and Lemma 2.8, we have for every
Il < 1,

/ n ’cn - % k2 + |Cn—1| n (lcn| - llil"m kz + |C”—1|
L= i = = A(uD. (333
nlen =Gl Hlenl T (jeul = ) + e
Also, since the function
kK'x —
o Kx = leol > 0).
k"x + |col
is a non-decreasing function of x, we get
K" fen = | = leol _ K"fen] — Iplm — |col (3:34)
K7 Jen — B 3 feol = kMleal — |ulm + Icol '

On using (3.33) and (3.34) in (3.31), we get for |B| > k,0 < 6 < 2, and for every r > 0,

2 " 1 . 1o r 1/r
{/0 DgP(e?) — k—numnﬁe‘("_) de}
o ndBl=AduD) 1 k K'lea| — |plm — |col
- I+k n k*cy| — |ulm + |col

2 ) 1 r 1/r
0
X { /0 <’p (e )‘ ~ |M|m> de} . (3.35)

It is a simple consequence of Laguerre theorem (cf. [14, p. 52]) on the polar derivative of a
polynomial that for every 8, with || > k, the polynomial

z\" 1 _
Dg (P(z) — (%> um) = DgP(z) — k—numnﬂz" ! (3.36)
has all its zeros in |z| < k, k < 1. This implies
1 _
|DgP(2)| = rmnlBliel U for |z| > k. (3.37)
Because if (3.37) is not true, then there is a point z = zo with |zg9| > k, such that

n—1
|DﬂP(z0)| < % .

We choose
= k" Dg P (z0)
mn,Bzgf1 ’

so that || < 1, and with this choice of u, from (3.36), we get

Dg <P(Z0) — (%) um) =0,

where |zg| > k, which contradicts the fact that all the zeros of

o (0= (1) )
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liein |z| < k, k < 1, for every p with |u| < 1.
Now choosing the argument of p suitably on the left hand side of (3.35) such that

1
= DpgP@)| = Zmnlullpl - for |z] =1,

n

_ i n—1
DgP(z) T umnpz

which is possible by (3.37), we get for || > k, || < 1,0 < 0 < 2m, and for every r > 0,

2 ) 1 r 1/r
{f (|DﬂP(e'9>|—k—nmn|u||ﬂ|) de}
0

n(BL= AUuD) [,k Kleal = lwlm = leol | [ (¥ (1 poion L, Y }”’
S {1+n'k"|cn|—|u|m+|co|}{/o ('P(e ) k"'“'m) o5
(3.38)

For p with || = 1, the above inequality follows by continuity. Putting || = ¢ in (3.38), we
get

21 . 1 r l/r
{/ ODﬂw%y—ﬁmmw)dﬂ
0
n(Bl—A@) k  k"lcy| — tm — |co| i . 1 o
> s e P /n |P ()| = —tm) do}
1+k n k”|6‘n|—tm—|—|co| k"
0

where 0 < ¢ < 1. This completes the proof of Theorem 3.4. |
Remark 3.6 Recall that P(z) = Zﬁzo cyz¥ # 0for|z| > k, k < 1. Here, we first show that

n(leal = %) K + lcail

n (|Cn| - %’) + len—1]

Alt) = <k, (3.39)

for 0 <t < 1. We can assume without loss of generality that P(z) has no zeros on |z| = k,
for otherwise (3.39) holds trivially by (3.25). Now, as in the proof of Theorem 3.4, we have
for every u with || < 1, the polynomial

v=0

has all its zeros in |z| < k, k < 1, hence on applying (3.25) gives

nlen —

k? _
+ len 1|<k

n ’Cn - %‘ + len—1]

(3.40)

For every u € C with || < 1, we have

um
cn— —

|iu|m
o > |cql

> enl — i _k7

and |c,| > m/k™ by Lemma 2.7. Therefore, it is possible to choose the argument of ©
suitably, so that

| ia|m
kn

um
-

Cn = [enl —

’
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we get from (3.40), that

n (1enl = )2 + e
<

< (3.41)
n (1eal = B3) + o]

For p with || = 1, the above inequality follows by continuity.
The inequality (3.39) follows by taking || = ¢ in (3.41), sothat0 <7 < 1.

Remark 3.7 Letting r — +o00 in (3.29), we get for |8| > k, and 0 <r < 1,

Bl — A(t) mnt |Blk + A(t)
LU —— P L T
5K E}i’}' @+ r Tk

Bl — A@t) K"|cul —tm — |col tm
k : P -2,
1+k kn|c,,|—rm+|co|(ﬁi’i| @I kn)

max |DﬂP(z)} >n
lz|=1

+

which is equivalent to

‘m‘a)§ |DﬁP(z)| >n 1Bl =k max | P (2)| +n<M>tm
zZl=

1+k |z=1 k=1(1 + k)
k— A®) A — k
LAY P AW TR
Trk malIP@In T ™

—A Men| — tm —
Jrklﬂl (1) K'lcp| —tm |Co|<

rm
: P@I-). (342
T5k Koy —tm b Jco] \ B PG k") (342)

lz|=1
It is easy to show that

k— A(r) P+ A0~k
——— max n———tm s
T4k (d+k) =

which is equivalent to showing

k— A() _n k=AW,
1+k |g=1 Kkt 14k

In view of (3.39), the above inequality becomes equivalent to
P =
max —,
N

which is true by Lemma 2.7, and the fact that

n

e

max |P(z)| = ‘ma)i

> |cul-
lzl=1 b4

Hence, inequality (3.42) represents an interesting refinement of the following result due to
Dewan et al. [6].

Theorem C If P € P, and P(z) has all its zeros in |z| < k, k < 1, then for every B € C with
|B] = k, we have

Bl —k Bl +1
P
Tk \I?\i)?l @) +n

min |P(z)] .

DgP(2)| > =
|I?|a=)i| pP@| 2 n k=11 4+ k) |zl=k
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(e ()
A
15+
10+
5,
0 : : ‘ : : e 0 ‘ : : : : —
1 2 3 4 5 6 1 2 3 4 5 6

Fig. 1 Graphics of the functions 6 P(eie) (left) and  +> P’ (eie) (right) for 0 < 6 < 27

olt, k) Ak)
A A Aziz (1.5)
sl 141
12 Dewan and Upadhye (1.6)
70
101
6F
8 C " _
5t orollary 32 (1= 1)
6F
4F Theorem 3.1 (r=1)
4t
3 L 1 L L 1 L L L S k L 1 1 Il L . k
2 4 6 8 10 12 14 16 2 4 6 8 10

Fig.2 (Left) The function k — ¢(t, k), V3 <k <16,fort =0,t =1/2,and ¢t = 1; (Right) Comparison of
the differences k +— A (k) in the inequalities (1.5), (1.6), and (3.9) and (3.1) for7 = 1

Remark 3.8 1Itisimportant to mention that the bound obtained in Theorem 3.4 is optimal when
t = 1. However, the parameter ¢ plays a vital role for making Theorem 3.4 more general,
and to get different bounds from it by simply giving different values to ¢ while varying in the
closed unit interval [0, 1] and without changing the hypothesis of this theorem. For example,
for t = 0 (without assuming that P (z) has a zero on |z| = k), we get (3.18).

4 Numerical examples

As an illustration of the obtained results, in this section we consider the following two
examples.

Example 4.1 Let P(z) = 7% — 223 + 67 —9, withauzeros[—ﬁ, V3, 1-V2i, 1+fzi]

on the circle |z| = \/§ so that Theorem 3.1 holds for k > V3.
On the unit circle we have

|P(e%)] = /2[61 — 56 cos(F) — 12 cos(26) + 24 cos(36) — 9 cos(46)]

and

[P’ (&) = V/8[11 — 6¢cos(8) — 9 cos(260) + 6 cos(36)]

and their graphics for 0 < 6 < 2x are presented in Fig. 1.
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Since

M =max |P(z)] = max |P(e")] = 16.0217581269879...
|z]=1 0<6<2m

and

My =max |P'(z)] = max |P'(e”)] = 14.199691411439. ..,
|z]=1 0<6<2m

as well as m = miny;— | P(z)| = P (k) = (k* = 3)((k — 1) +2), k > +/3, we can consider
the difference between the left and the right hand side in (3.9)
4

2M 1 k-1 k 1
t k) =M, — —. k2 —3)((k — D)% +2)t S S Y [ p—
v, K) = My {1+k4+k4 E k=D )}§k+|zv| ( k2>

Graphics of the functions k +— ¢(¢, k) fort = 0, 1/2, 1 are presented in Fig. 2 (left).

In the same figure (right) we show the difference k +— A(k) between the left and the
right hand side in the inequalities (1.5) given by Aziz [1] and in (1.6) given by Dewan and
Upadhye [5], as well as in the inequalities (3.9) for (# = 1) and in (3.1) from Theorem 3.1
fort = 1.

Example 4.2 Let P(z) = 7% + 4, with all zeros {1 —1, 14+1, —1—1, — 1+ i} on the circle

|z| = +/2, so that Theorem 3.2 holds for |z| > +/2. We take 8 € C with |8| = 8. Since, in

this case,

M = ‘m‘a)} [P(z)| =5 and Mg = Imla)i |DgP(2)| = Imla)i |4(4+z3,3)| =44+ |B]) =48,
Zl= Z|= zZl=

we consider the difference between Mg and the right hand side in the inequality (3.10),

8 —k k—1 1, 4k
Y(t, k) = Mg — 2k4+1{(1+ 5 S,(k))M+—2k4(k —1—(k—1)S[(k))mt}ﬁ+k
1
Sefi-4),
whereco =4, ci=cp=c3=0, ¢4 =1,
4
. k* —4)(1—1) k 4k
= min |P :k4—4, S: (k) = , = .
m |z|=k| (@] 1 (k) K4 —1t) + 4k +1) X:(:)k+|zv| V2 4k

In Fig. 3 we present the difference A (k) between the left and right sides in the inequalities
(1.10), (1.13) and (3.10) fort =0,t =1/2and ¢t = 1, i.e.,

4 k
(|ﬁ| ) M, Inequality (1.10),
2(|ﬁ| k) 4 4k .
— M + K —Dm | ———, 1 lity (1.13),
A =1 T [ 2k4( L I T
¥ (0, k), Inequality (3.10),
v(1/2, k), Inequality (3.10),
v, k), Inequality (3.10).

Among these considered inequalities, from Fig. 3 we see that (3.10) is the best one obtained
by Theorem 3.2 for r = 1.

‘We mention here that some graphical illustrations can be also done for the L"-inequalities.
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Agk)
50+ Aziz and Rather (1.14)
40+ Dewan and Upadhye (1.13)
Theorem 3.2 (t=0)
30r

Theorem 3.2 (1=0.5)

Theorem3.2 (r=1)

10 . . . . . . .
1 2 3 4 5 6 7 8

Fig.3 Graphics k — A(k) for V2 <k < |B| = 8 in different inequalities

5 Conclusions

In the past few years, a series of papers related to Turdn-type inequalities for algebraic poly-
nomials has been published and significant advances have been achieved. In this paper, we
continue the study of this type of inequalities for polynomials, following up on a study started
by various authors in the recent past. More precisely, some new inequalities of Turdn-type are
established that relate the supremum-norm of a univariate complex coefficient polynomial
and its derivative on the unit disk. Besides, some classical Turdn-type inequalities that relate
the supremum-norm of the derivative and the polynomial on the unit disk are generalized
to the L"-norm of the polar derivative and the polynomial. Our results also include several
interesting generalizations and refinements of some integral inequalities for algebraic poly-
nomials. Two numerical examples are given in order to graphically illustrate and compare
the obtained inequalities with some classical results.
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