Partial Differential Equations

T. Muthukumar
tmk@iitk.ac.in

April 18, 2014



i



Contents

Notations

1 PDE: An Introduction
1.1 Definitions . . . . . . . . ..
1.2 Well-Posedness of PDE . . . . . . . ... ... .. ... ....
1.3 Three Basic PDE: History . . . . . .. .. ... ... .....
1.4 Continuity Equation . . . . ... .. ... ... ...

2 First Order PDE
2.1 Family Of Curves . . . . .. .. ... ..
2.2 Linear Transport Equation . . . . . . . . . . ... ... ....
2.2.1 One Space Dimension . . . . . . . ... ... ... ...
2.2.2  Higher Dimension . . . . . .. .. ... ... ... ...
2.2.3 Inhomogeneous Transport Equation . . . . . . ... ..
2.3 Integral Surfaces and Monge Cone . . . . . . . ... ... ...
2.3.1 Quasi-linear Equations . . . . . ... .. ... ...
2.3.2 Nonlinear Equations . . . . . .. .. ... ... ....
2.4 Method of Characteristics . . . . . .. ... ... ... ....
2.5 Complete Integrals . . . . . ... ... ... ... ... ...
2.5.1 Envelopes and General Integrals . . . . . .. ... ...
2.5.2  Method Of Characteristics . . . . .. .. .. ... ...
2.6 Cauchy Problem . . .. ... ... ... ... ... ...
2.6.1 Quasilinear . . . . ... ... Lo
2.6.2 Nonlinear . . .. .. .. .. ... ... ...
2.7 Non-smooth Solutions and Shocks . . . . . .. ... ... ...

3 Classification by Characteristics
3.1 Semilinear . . . . ... ...

1ii

vii

11
13

17
17
19
19
20
21
22
22
23
24
32
33
34
38
38
48
57

61



CONTENTS

3.1.1 Semilinear: Two Dimension . . . . ... ... ... ..
3.2 Quasilinear . . . ... ...
3.3 Examples . ... ... ...
3.4 System of First Order PDE . . . . . .. ... ... ... ..
3.5 System of Second Order PDE . . . . . .. ... ... .....
3.6 Invariance of Discriminant . . . . . . . . . . .. ... ... ..
3.7 Standard or Canonical Forms . . . . .. ... ... ......
3.8 Reduction to Standard Form . . . . . . .. ... ... ... ..

4 Wave Equation
4.1 One Dimension . . . . . .. .. ... ... ... ...
4.1.1 The Vibrating String: Derivation . . . . ... ... ..
4.1.2 Travelling Waves . . . . .. ... ... ... ......
4.1.3 Domain of Dependence and Influence . . . . . . . . ..
4.1.4 Standing Waves: Separation of Variable . . . . . . ..
4.2 Higher Dimensions . . . . .. ... ... . ... ........
4.2.1 Spherical Means . . . . . . .. ...
4.2.2 0Odd Dimension . . . . .. ... ... ... ...
4.2.3 Inhomogeneous Wave equation . . . . .. .. ... ...
4.3 Eigenvalue Problem of Laplacian . . . . .. .. .. ... ...
4.3.1 InRectangle. . . . . .. .. ... ... .
432 InDisk. . .. ...

5 Heat Equation
5.1 Derivation . . . . .. ...
5.2 Boundary Conditions . . . . . . .. .. .. ... ... ...
5.3 Heat FlowonaBar. ... ... .. ... ............
54 Ona Circular Wire . . . . . . ... ... . ... ... .....
5.5 Inhomogeneous Equation . . . . . . .. ... ... ...
5.6 Steady State Equation . . . . ... ... ... .. .. .....
5.7 Fundamental Solution of Heat Equation . . . . .. .. .. ..

6 The Laplacian
6.1 Properties of Laplacian . . . . . . . .. ... ... ... ...
6.2 Ill-Posedness of Cauchy Problem . . . . . ... ... ... ...
6.3 Boundary Conditions . . . . . ... ... .. ... .......
6.4 Harmonic Functions . . .. ... ... ... ... .......
6.4.1 Spherical Harmonics . . . . . . . ... ... ... ...

v

63
66
67
70
72
73
74
75

81
81
81
83
88
91
95
96
100
101
103
104
105

107
107
108
108
110
112
113
114



CONTENTS v

6.4.2 Properties of Harmonic Functions . . . . . . .. .. .. 130

6.5 Existence and Uniqueness . . . .. .. .. ... ... ..... 138
6.6 Perron’s Method . . ... .. ... ... ... ........ 140
6.6.1 Non-existence of Solutions . . . . .. ... ... .. .. 141

6.6.2 Characterizing regular points . . . . . .. ... .. .. 141

6.7 € with Simple Geometry . . . . . .. ... oL 142
6.8 Poisson Equation . . . . ... ... 0oL 150
6.8.1 Fundamental Solution of Laplacian . . . . .. .. ... 151

6.8.2 Existence and Uniqueness . . . . .. ... ... .. .. 153

6.8.3 Green’s Function . . .. ... ... ... ... ... .. 157

6.8.4 Green’s Function for half-space . . . . ... ... ... 163

6.8.5 Green’s Function foradisk. . . . ... ... ... ... 164

6.8.6 Conformal Mapping and Green’s Function . . . . . .. 167

6.8.7 Dirichlet Principle . . . ... ... ... ... ... .. 167

6.9 Neumann Boundary Condition . . . . . ... .. .. ... ... 169
Appendices 171
A The Gamma Function 173
B Normal Vector of a Surface 175
C Implicit Function Theorem 177
D Divergence Theorem 179
E Surface Area and Volume of Disk in R” 181
F Mollifiers and Convolution 185
G Duhamel’s Principle 187
Bibliography 189
Index 191



CONTENTS

vi



Notations

Symbols
N

0 o) 0
V (%’Tm”%)

denotes an open subset of R™, not necessarily bounded

0f)  denotes the boundary of 2

De 01 9on

oot -+ paen and @ = (aq, ..., ap)

Function Spaces

Ck(X) is the class of all k-times (k > 1) continuously differentiable functions
on X

C*>(X) is the class of all infinitely differentiable functions on X

C(X) is the class of all infinitely differentiable functions on X with com-
pact support

General Conventions
B, (x) denotes the open disk with centre at x and radius r
Sy(z) denotes the circle or sphere with centre at = and radius r

Wy, denotes the surface area of a n-dimensional sphere of radius 1.
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Chapter 1

PDE: An Introduction

A partial differential equation (PDE) is an equation involving an unknown
function u of two or more variables and some or all of its partial derivatives.
The partial differential equation is usually a mathematical representation of
problems arising in nature, around us. The process of understanding physical
systems can be divided in to three stages:

(i) Modelling the problem or deriving the mathematical equation (in our
case it would be formulating PDE). The derivation process is usually a
result of conservation laws or balancing forces.

(ii) Solving the equation (PDE). What do we mean by a solution of the
PDE?

(iii) Studying properties of the solution. Usually, we do not end up with a
definite formula for the solution. Thus, how much information about
the solution can one extract without any knowledge of the formula?

1.1 Definitions

Recall that the ordinary differential equations (ODE) dealt with functions
of one variable, v : 2 C R — R. The subset {2 could have the interval form
(a,b). The derivative of u at x € 2 is defined as

() = }ng(l) u(z +h) — u(:c)’
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provided the limit exists. The derivative gives the slope of the tangent line
at © € 2. How to generalise this notion of derivative to a function u :
Q C R" — R? These concepts are introduced in a course on multi-variable
calculus. However, we shall jump directly to concepts necessary for us to
begin this course.

Let 2 be an open subset of R” and let u : 2 — R be a given function.
We denote the directional derivative of u at x € (), along a vector £ € R", as

ou u(z + h€) — u(z)

¢ @) = fim, h ’

provided the limit exists. The directional derivative of u at x € 2, along
the standard basis vectors e¢; = (0,0,...,1,0,...,0) is called the i-th partial
derivative of u at x and is given as

Similarly, one can consider higher order derivatives, as well. We now in-
troduce Schwartz’s multi-index notation for derivative, which will be used
to denote a PDE in a concise form. A multi-index a € Z7} is a n-tuple
a = (aq,...,qa,) of non-negative integers and let |a| = ay + ... + . If «
and [ are two multi-indices, then a@ <  means o; < ; for all 1 < i < n.
Also, a £ = (g £ f1,. .o £ Bn), al = gl . ap! and 2% = 2" .. 2%
for any x € R". A k-degree polynomial in n variables can be represented as

Z anx”.
ool <k
The partial differential operator of order a is denoted as,

aq o ||
D = J o 0 = 0 :
01 0x,%n  O0x1%...0x,n
For k € N, we define D*u(x) := {D%(z) | |a| = k}. Thus, for k = 1, we
regard Du as being arranged in a vector,

v — (D(l,O,...,0)7D(O,l,O,...,O)’ o ’D(o,o,...,og)) _ ( g 0 ) ) '

Ox,’ Oxy’ " Oxy,

We call this the gradient vector. The dot product of the gradient vector with
itself A := V-V is called the Laplacian and A := 7 2% Similarly, for

i=1 8:1:12 :
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k = 2, we regard D? as being arranged in a matrix form (called the Hessian
matrix),

9? 0
ax% CC O0x10Tn
9? 0?
D2 — Ox20x1 T Qxo0Tn
0? 0?
Oxndx1 ox2 nxn

The trace of the Hessian matrix is called the Laplace operator, denoted as
A=>" g—;. Note that under some prescribed order on multi-indices «,

D*u(x) can be regarded as a vector in R™. Then | DFu| = (Z|a|:k | Deu|?)1/2,
In particular, |[Vu| = (327 u2 )Y? and |D?u| = (327 ., u?,, )Y2

1=1 “x; 1,J=1 "x;x;

Ezample 1.1. Let u(x,y) : R?> = R be u(x,y) = ax® + by*. Then

Vu = (ug,uy) = (2azx, 2by).

o Ugx Uye \ [ 22 0
Du_(”ﬂfy “yy>_(0 26)

Note that, for convenience, we can view Vu : R? — R? and D?u : R? —
R* = R?*, by assigning some ordering to the partial derivatives .

Definition 1.1.1. Let Q2 be an open subset of R™. A k-th order PDE F is a
given map F: R" x R x ... R" x R x Q — R having the form

F (D*u(z), D" 'u(z),... Du(z), u(z),z) = 0, (1.1.1)
for each x € Q and u : Q0 — R is the unknown.

A general first order PDE is of the form F(Du(x),u(z),z) = 0 and, in
particular, for a two variable function u(z,y) the PDE will be of the form
F(ug, uy,u,z,y) = 0. If u(x,y, z) is a three variable function, then the PDE
is of the form F'(uy,u,,u,,u,z,y,2z) = 0. A general second order PDE is of
the form F'(D*u(zx), Du(z),u(z), ) = 0.

As we know the PDE is a mathematical description of the behaviour of
the associated system. Thus, our foremost aim is to solve the PDEs for
the unknown function wu, usually called the solution of the PDE. The first
expected notion of solution is as follows:

Definition 1.1.2. We say u : Q — R is a solution (in the classical sense)
to the k-th order PDE (1.1.1),
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o if u is k-times differentiable with the k-th derivative being continuous
e and u satisfies the equation (1.1.1).

Ezample 1.2. Consider the equation u,(z,y) = 0. If we freeze the variable y,
the equation is very much like an ODE. Integrating both sides, we would get
u(z,y) = f(y) as a solution, where f is any arbitrary function of y. Thus, the
family of solution depends on the choice of f € C!. Similarly, the solution
of uy(z,y) = 0is u(x,y) = g(x) for any choice of g € C".

Ezample 1.3. Consider the equation w;(z,t) = u(z,t). If we freeze the vari-
able z, the equation is very much like an ODE. Integrating both sides, we
would get u(z,t) = f(z)e' as a solution, where f is any arbitrary function of
x. Thus, the family of solution depends on the choice of f.

Ezample 1.4. Let us solve for u in the equation u,, = 42?y. Unlike previous
example, the PDE here involves derivatives in both the variable. Still one
can solve this PDE for a general solution. We first integrate w.r.t x both
sides to get u, = (4/3)2%y + f(y). Then, integrating again w.r.t y, we get
u(z,y) = (2/3)2°y* + F(y) + g(x), where F(y) = [ f(y) dy.

Example 1.5. Consider the equation u,(z,y) = wu,(z,y). At first look this
doesn’t look simple for solving directly. But a change of coordinates rewrites
the equation in a simpler form. If we choose the coordinates w = x + y and
2z = x —y, we have u, = u,, +u, and u, = u,, — u,. Substituting this, we get
u,(w, z) = 0 which is the form considered in Example 1.2. Hence its solution
is u(w, z) = g(w) for g € C' and, hence, u(z,y) = g(z + y).

Observe in the above examples that, in contrast to ODE, the family of
solutions of a PDE may be indexed by a function rather than a constant.

Ezercise 1. Determine a and b so that u(z,y) = e®**% is a solution to
Uzgze + Uyyyy + 2umxyy = 0.

FEzercise 2. Determine the relation between a and b if u(z,y) = f(ax + by)
is a solution to 3u, — Tu, = 0 for any differentiable function f such that

f'(2) # 0 for all real z. (Answer: a = 7b/3).

It is not necessary that the general form a solution has unique represe-
nation. Note that in the example below we have three different family of
solutions for the same PDE and we may have more!

Ezample 1.6. Consider the PDE w;(z,t) = uy.(z,t).
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(i) Note that u(z,t) = ¢ is a solution of the PDE, for any constant ¢ € R.
Thus, we have a family of solutions depending on c.

(i) The function u : R? — R defined as u(z,t) = (1/2)x*+t+c, for a given
constant ¢ € R, is a solution of the PDE u; = u,,. Because u; = 1,

u, = v and u,, = 1. We have another family of solutions for the same
PDE.

(iii) Note that u(wz,t) = e+ is a solution to the PDE u; = uy, if b = a>.

Note that u; = bu, u, = au and u,, = a’u.

As of today, there is no universal way of solving a given PDE. Thus,
the PDE’s have to be categorised based on some common properties, all of
which may be expected to have a common technique to solve. One such
classification is given below.

Definition 1.1.3. We say F is linear if (1.1.1) has the form

S aule)D%ulx) = f(z)

lal <k

for given functions f and a,, (|of < k). If f =0, we say F is homogeneous.
F is said to be semilinear, if it is linear only in the highest order, i.e., F' has
the form

Z ao(2)Du(z) 4 ag(D*u, ..., Du,u,x) = 0.
|a|=k

We say F is quasilinear if it has the form

Z ao(DF (), ..., Du(x),u(z), ) D*u + ag(D*u, ..., Du,u,z) = 0,
|a|=k

i.€., the highest order derivative coefficient contains derivative only upto the
previous order. Finally, we say I is fully nonlinear if it depends nonlinearly
on the highest order derivatives.

Note that the classification is heirarchical, i.e., we have the inclusion
linear C semilinear C quasilinear C fully nonlinear.

Thus, common sense tells that we classify a PDE based on the smallest class
it sits in the heirarchy.
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Example 1.7. (1) a1(2)ugy + a2(2)Usy + a3()uyy + as(x)uy + as(x)u, =
ag(x)u is linear.
(i) ru, — yu, = u is linear.

(iii) zu, + yu, = 2% + y* is linear.

Ugp — C*Uge = f(x,t) is linear.

)
)

(iv)

(V) Y*uge + Uy, = 0 is linear.
(vi) ug + u, — u? = 0 is semilinear.
(vil) uy + uty + Ugyy = 0 is semilinear.

(Viii) u2, + Ugpee = 0 is semilinear.
(ix) uy + uu, —u® = 0 is quasilinear.
(x) wu, + u, = 2 is quasilinear.

(xi) uyu, —u =0 is nonlinear.

Ezample 1.8 (Examples of Linear PDE). Transport Equation wu;(x,t)+b-
V.u(z,t) = 0 for some given b € R" assuming that z € R™.

Laplace Equation Au = 0.

Poisson Equation Au(z) = f(z).

Poisson Equation Au(z) = f(u).

Helmholtz Equation Au + k?u = 0, for a given constant k.
Heat Equation u; — Au = 0.

Kolmogorov’s Equation u;, — A- D*u+b-Vu = 0, for given n x n matrix
A = (a;;) and b € R™. The first scalar product is in R** and the second
is in R".

Wave Equation u; — Au =10

General Wave Equation wu,; — A- D?*u+b-Vu = 0, for given n x n matrix
A = (a;;) and b € R™. The first scalar product is in R** and the second
is in R".
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Schrédinger Equation iu; + Au = 0.
Airy’s Equation u; + u,, = 0.

Beam Equation u; + ug.., = 0.

FEzample 1.9 (Examples of Nonlinear PDE). Inviscid Burgers’ Equation
u; +uu, =0, for z € R

Eikonal Equation |Vu(z)| = f(z) is a first order nonlinear equation. This
equation arises in geometrical optics, optimal control and computer
vision etc. In fact, the name “eikon” is a greek word for image.

Hamilton-Jacobi Equation u; + H(Vu,z) = 0.

Minimal Surface Equation

Vu
v <\/1+ |Vu|2> = fl@)

arises in geometry. The graph of the solution u defined on the domain
Q2 (say convex domain, for simplicity) has the given mean curvature
f Q2 — R When f = 0 the equation is called minimal surface
equation. This is a second order elliptic type PDE.

Image Processing A degenerate elliptic equation

a2V (;—El) — f(z)

is a system of three equations where the solution u : Q C R? — R?,
which measures the intensity of red, green and blue pixels iin a coloured
image. The problem is given a noisy image f : Q — R3, we seek a de-
noised image u by diffusing the noise in directions parallel to the image
edges. The A > 0 is a diffusive scaling.

Monge-Ampére Equation det(D?*u) = f(x,u,Vu) is a fully nonlinear
PDE encountered in optimal transport problems. The gradient of the
solution u, Vu, maps optimal transportation path.

Schrédinger Equation iu; + Au — V(u)u = 0. The solution u : R™ x
[tg, 00) — C, a wavefunction, is associated with a particle of mass m
and driven by a potential V' (u).
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Korteweg de Vries (KdV) Equation wu; + u, + vt + type = 0.
Fxercise 3. Classify all the important PDE listed in Example 1.8.
FExercise 4. Classify the PDEs in the hierarchy of linearity:

1) (y — wu, + zuy = zy + u’.

(ii

uu2 — TUy = QUS.
T

(iii) 2%u, + (y — 2)u, = ysinu.
(iv) (siny)u, — eu, = e¥u.
Uy + sin(uy,) = u.

uu, + 2 Uyyy +sinx = 0.
Uy + €7 uy =0.

(viii) wy + (siny)uy,, — e’ cosy = 0.

(X) YUpyy + €"u = —siny + 10zu,.
(x1) Yty + € U, = 27Uy + u.
(xil) UpUyay + €"uly, = 522,
(xiil) wp = k?(Ugy + uyy) + f(2,9,1).
(xiv x2umy + 9 Uy, — log(1 + y*)u = 0.
(xv) uy +u’ = 1.
(xVi) Uggyy + €Uy = .
(xvil) Ulyy + Uyy —u = 0.

)
)
)
)
)
i)
i)
)
(i) T%Upy + €U = TUyyy.
)
)
)
)
)
)
)
)
)

(xviil) Ugy + up = 3u.
FExercise 5. Rewrite the following PDE in the new coordinates v and w.

i) up+u,=1lforv=or+yand w=2x—y.
Y Y
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(i) aus + bu, = u for v = ax — bt and w = t/a where a,b # 0.
(iil) aug + bu, = 0 for v = ax + by and w = bx — ay, where a + b* > 0.
(iv) uy = g, for v=ax +ct and w = x — ct.
(V) Ugg + 2Uyy + uyy =0 for v =2 and w =z —y.
(Vi) Upy — 2Uyy + Dy, = 0 for v =2 4+ y and w = 2z.
(Vil) gy + gy + 41y, = 0 for v = y — 22 and w = z. (should get wy, = 0).

(vill) wgy + 2uyy — 3uy, =0 for v =y — 3z and w =z + .

1.2 Well-Posedness of PDE

We have seen through examples that a given PDE may one, many or no solu-
tion(s). The choice of our solution depends on the motivation for the study.
One needs to enforce extra side conditions to a particular solution. These
extra conditions are called boundary conditions (boundary value problem)
or whose value at initial time is known(initial value problem). It is usually
desirable to solve a well-posed problem, in the sense of Hadamard . By well-
posedness we mean that the PDE along with the boundary condition (or
initial condition)

(a) has a solution (existence)
(b) the solution is unique (uniqueness)
(¢) the solution depends continuously on the data given (stability).

Any PDE not meeting the above criteria is said to be ill-posed. If too many
initial /boundary conditions are specified, then the PDE will have no solu-
tion. If too few initial/boundary conditions are specified, then the PDE will
not have unique solution. However, if the right amount of initial/boundary
conditions are specified, but at wrong places, then the solution may exist and
be unique except that that it may not depend continuously on the initial or
boundary data.
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FExample 1.10. The initial value problem

U = Ugy in R x (O, OO)
w(z,0) = wu(z,0) =0

has the trivial solution u(x,t) = 0. We consider the same problem with a
small change in data, i.e.,

i = Uyy in R x (0,00)
u(z,0) =0
u(2,0) = esin (%)

which has the solution u.(x,t) = £?sin(z/¢) sin(t/e). Since

sup{ |ue(z,t) — u(z,t)|} = e*sup {|sin(z/e) sin(t/e)|} = &
(z,t) (z,t)

the problem is well-posed.

Ezample 1.11 (Ill-posed). The initial value problem

m = Uy in R x (0, 00)
u(z,0) =wu(z,0) =0

has the trivial solution u(x,t) = 0. We consider the same problem with a
small change in data, i.e.,

Ugt = —Uyy in R x (0, 00)
u(zx,0) =0
u(z,0) =esin ()

which has the solution u®(z,t) = £?sin(x/¢) sinh(t/e). Since

sup{|u; (z,t) — w(z,t)|} = esup {|sin(z/e)|} = ¢
(z,t) (z,t)

and
Jim sup{[u (2, 0) = (e, O]} = & Jim sup {fsin/2)
— ; 2 |q —
= tlggog |sinh(t/e)| = oo,

the problem is ill-posed. Because a small change in initial data leads to a
large change in the solution.
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Exercise 6. Consider the initial value problem
U+ Uz =0 (x,t) € R x (0, 00)
with u(x,0) = 1.

(a) Show that u(z,t) =1 is a solution to this problem.

'"/2 . . . .
(b) Show that u,(z,t) = 1 + “*sin(nz) is a solution to the problem with
initial value

w(w,0) = 1+ sm(nx).
n

(¢) Find sup,{|u,(z,0) — 1]}.
(d) Find sup,{|u,(z,t) — 1|}.
(e) Show that the problem is ill-posed.

The fundamental question is, given a PDE, find these extra conditions
that make a PDE well-posedness.

1.3 Three Basic PDE: History

The study of partial differential equations started as a tool to analyse the
models of physical science. The PDE’s usually arise from the physical laws
such as balancing forces (Newton’s law), momentum, conservation laws etc.
The first PDE was introduced in 1752 by d’Alembert as a model to study
vibrating strings. He introduced the one dimensional wave equation

OPu(x,t)  Pul(z,t)
o2 0x?

This was then generalised to two and three dimensions by Euler (1759) and
D. Bernoulli (1762), i.e.,

0*u(z, 1)

o2 = AUJ(I?t)a

where A = Y% O

i=1 830? '



CHAPTER 1. PDE: AN INTRODUCTION 12

In physics, a field is a physical quantity associated to each point of space-
time. A field can be classified as a scalar field or a vector field according to
whether the value of the field at each point is a scalar or a vector, respec-
tively. Some examples of field are Newton’s gravitational field, Coulomb’s
electrostatic field and Maxwell’s electromagnetic field.

Given a vector field V| it may be possible to associate a scalar field wu,
called potential, such that Vu = V. Moreover, the gradient of any function
u, Vu is a vector field. In gravitation theory, the gravity potential is the
potential energy per unit mass. Thus, if E is the potential energy of an
object with mass m, then u = E/m and the potential associated with a mass
distribution is the superposition of potentials of point masses.

The Newtonian gravitation potential can be computed to be

u(x):%/g P(y) ay

[z — |

where p(y) is the density of the mass distribution, occupying 2 C R3, at y. In
1782, Laplace discovered that the Newton’s gravitational potential satisfies
the equation:

Au=0 onR*\Q.

Thus, the operator A = V-V is called the Laplacian and any function whose
Laplacian is zero (as above) is said to be a harmonic function.
Later, in 1813, Poisson discovered that on {2 the Newtonian potential
satisfies the equation:
—Au=p on .

Such equations are called the Poisson equation. The identity obtained by
Laplace was, in fact, a consequence of the conservation laws and can be gener-
alised to any scalar potential. Green (1828) and Gauss (1839) observed that
the Laplacian and Poisson equations can be applied to any scalar potential
including electric and magnetic potentials. Suppose there is a scalar potential
u such that V' = Vu for a vector field V' and V is such that fB’y V.-vdo =0
for all closed surfaces Oy C I'. Then, by Gauss divergence theorem' (cf.
Appendix D), we have

/V~Vda::O vy CT.
N

la mathematical formulation of conservation laws
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Thus, V-V = divV = 0 on I and hence Au = V- (Vu) = V-V =0
on I'. Thus, the scalar potential is a harmonic function. The study of
potentials in physics is called Potential Theory and, in mathematics, it is
called Harmonic Analysis. Note that, for any potential u, its vector field
V' = Vu is irrotational, i.e., curl(V) =V x V = 0.

Later, in 1822 J. Fourier on his work on heat flow in Théorie analytique
de la chaleur introduced the heat equation

ou(z,t)
ot

= Au(x,t),

where A = 377 86—;2. The heat flow model was based on Newton’s law of
cooling.
Thus, by the beginning of 19th century, the three most important PDE’s

were identified.

1.4 Continuity Equation

Let us consider an ideal compressible fluid (viz. gas) occupying a bounded
region 2 C R™ (in practice, we take n = 3, but the derivation is true for
all dimensions). For mathematical precision, we assume €) to be a bounded
open subset of R™. Let p(x,t) denote the density of the fluid for z € Q at
time t € I C R, for some open interval /. Mathematically, we presume that
p € CYQ xTI). We cut a region §; C 2 and follow Q;, the position at time ¢,
as t varies in /. For mathematical precision, we will assume that Q, have C*
boundaries (cf. Appendix D). Now, the law of conservation of mass states
that during motion the mass is conserved and mass is the product of density
and volume. Thus, the mass of the region as a function of ¢ is constant and
hence its derivative should vanish. Therefore,

= t)dr = 0.
o Qtp(:lf,) T

We regard the points of €, say x € (), following the trajectory x(t) with
velocity v(x,t). We also assume that the deformation of €2; is smooth, i.e.,



CHAPTER 1. PDE: AN INTRODUCTION 14

v(z,t) is continuous in a neighbourhood of 2 x I. Consider

d 1
E/Qtp(l”t)dx = }lllir(l]ﬁ(/ﬂt+hp($,t+h)dx—/Qtp(x,t)dx>

1
+ lim — / p(x,t—I—h)dx—/ p(z,t+ h)dx
h—=0 h Qitn Q

The first integral becomes

t+h)— t
lim/ LAai il )d:v = %(I,t) dx.
h=0 Jq, h o, Ot

The second integral reduces as,

[ eletamde= [ pwtrnas = [ ot (o, - xa)
Quin Q

Q4
= / p(x,t+ h)dx
Qe n\

—/ p(z,t+h)dx.
Q\Qiyn

We now evaluate the above integral in the sense of Riemann. We fix
t. Our aim is to partition the set (25 \ ) U (24 \ Q44p) with cylinders
and evaluate the integral by letting the cylinders as small as possible. To
do so, we choose 0 < s < 1 and a polygon that covers 0f2; from outside
such that the area of each of the face of the polygon is less than s and the
faces are tangent to some point z; € 0€;. Let the polygon have m faces.
Then, we have z1, x», ..., at which the faces F, Iy, ..., F,, are a tangent
to 0€;. Since €44, is the position of €2, after time h, any point z(t) moves to
x(t+ h) = v(x,t)h. Hence, the cylinders with base F; and height v(z;, t)h is
expected to cover our annular region depending on whether we move inward
or outward. Thus, v(x;,t)-v(x;) is positive or negative depending on whether

Q4 moves outward or inward, where v(z;) is the unit outward normal at

/ p(z,t+h) dm—/ p(x,t+h)dx = limzp(xi,t)v(xi,t)-y(xi)hs.
Qpn\Q Q\Qtyp 50

=1
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Thus,

15

% ( /Q ple,t+h) de = /Q pla,t+1) d:c) = /6 Pl v, ) - v(z) do

By Green’s theorem (cf. Appendix D), we have

d B op ..
pr . plx,t)de = /Qt <a + dlv(pv)> dx.

Now, using conservation of mass, we get

% +div(pv) =01in Q x R.

(1.4.1)

Equation (1.4.1) is called the equation of continuity. In fact, any quantity
that is conserved as it moves in an open set {2 satisfies the equation of con-

tinuity (1.4.1).
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Chapter 2
First Order PDE

In this chapter, we try to find the general solutions and particular of first
order PDE. A general first PDE has the form

F(Vu(z),u(z),z) = 0.

2.1 Family Of Curves

We observed in the previous chapters that solutions of PDE occur as family of
curves given by a constant or arbitrary function. In fact, by eliminating the
constant or function, via differentiation may lead to the differential equation
it solves. We now look at some family of curves which arise as a solution to
first order PDE’s.

Let A C R? be an open subset that represents a parameter set and con-
sider

u:R*x AR
a two parameter family of “smooth surfaces” in R?, u(z,y, a, b), where (a,b) €
A. TFor instance, u(r,y,a,b) = (z — a)> + (y — b)? is a family of circles

with centre at (a,b). Differentiate w.r.t x and y, we get u,(z,y,a,b) and
uy(x,y,a,b), respectively. Eliminating a and b from the two equations, we
get a first order PDE

F(ug, uy,u,z,y) =0
whose solutions are the given surfaces u.

Example 2.1. Consider the family of circles

u(z,y,a,b) = (r —a)* + (y — b)*

17
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Thus, u, = 2(x — a) and u, = 2(y — b) and eliminating a and b, we get
uZ + “Z —4u =0

is a first order PDE.

FExample 2.2. Find the first order PDE, by eliminating the arbitrary function
f, satisfied by wu.

(i) u(z,y) = zy+ f(@* +y°)
(i) w(z,y) = f(z/y)
Proof. (i) Differentiating the given equation w.r.t x and y, we get
u, =y+2zf, u,=z+2yf,
respectively. Eliminating f’, by multiplying vy and x respectively, we

get

YUy — TUy = y? — 2%

(ii) Differentiating the given equation w.r.t x and y, we get

1 —x
ua::_fla , U :_flu
y Yoy

respectively. Eliminating f’, by multiplying = and y respectively, we
get
Tz + yuy, = 0.

]

Fxample 2.3. Find the first order PDE, by eliminating the arbitrary constants
a and b, satisfied by u

(i) w(z,y) = (z +a)(y +b)
(i) w(z,y) = ax + by
Proof. (i) Differentiating the given equation w.r.t x and y, we get
Uy =Yy +0b, u,=z+a,
respectively. Eliminating a and b, we get

UglUy = U.
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(ii) Differentiating the given equation w.r.t z and y, we get
Uy =@, Uy =D
respectively. Eliminating a and b, we get
TUgy + YUy = U.
O

FExercise 7. Find the first order PDE, by eliminating the arbitrary function
f, satisfied by u(x,y) = e*f(2z — y). (Answer: u, + 2u, —u = 0).

FExercise 8. Find the first order PDE, by eliminating the arbitrary function
f, satisfied by u(z,y) = e * f(22 — 3y). (Answer: 3u, + 2u, + 12u = 0).

2.2 Linear Transport Equation

2.2.1 One Space Dimension
Derivation

Imagine a object (say, a wave) moving on the surface (of a water) with
constant speed b. At any time instant ¢, every point on the wave would have
travelled a distance of bt from its initial position. At any given instant t,
let u(z,t) denote the shape of the wave in space. Let us fix a point (zg,0)
on the wave. Now note that the value of u(z,t) is constant along the line
r = bt + xy or x — bt = xy. Therefore the directional derivative of u in the
direction of (b, 1) is zero. Therefore

0= Vu(z,t)-(b,1) = uy + bu,.

This is a simple first order linear equation called the transport equation.

Solving

We wish to solve the transport equation u; + bu, = 0 which describes the
motion of an object moving with constant speed b, as seen by a fixed observer
A.

Let us imagine that another observer B (say, on a skateboard) moving
with speed b observes the same object, moving in the direction of the object.
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For B the wave would appear stationary while for A, the fixed observer,
the wave would appear to travel with speed b. What is the equation of the
motion of the object for the moving observer B? To understand this we need
to identify the coordinate system for B relative to A. Let us fix a point z
at time ¢t = 0. After time ¢, the point x remains as x for the fixed observer
A, while for the moving observer B, the point x is now x — bt. Therefore
the coordinate system for B is (£, s) where £ = x — bt and s = t. Let v(¢, s)
describe the motion of the object from B’s view. Then the PDE describing
the motion of object, as seen by B, is vs(, s) = 0. Therefore, v(§, s) = f(&),
for some arbitrary function f (sufficiently differentiable), is the solution from
B’s perspective. To solve the problem from A’s perspective, we observe the
relations
Uy = Ve&p + Vg5 = —bug + v, and

Uy = Ve + VsSy = Vg,

Therefore, u; + bu, = —bve + vs + bve = v, and, hence, u(x,t) = v(£,s) =

f(&) = f(x = bt).

2.2.2 Higher Dimension

We consider the homogeneous initial-value transport problem in higher di-
mensions. Given a vector b € R", we need to find v : R" x [0,00) — R
satisfying

ug(z,t) +b- Vu(z,t) =0 in R" x (0,00) (2.2.1)

By setting a new variable y = (z,¢) in R" x (0,00), (2.2.1) can be rewritten
as
(b,1) - Vyu(y) =0 in R" x (0, 00).

This means that the directional derivative of u(y) along the direction (b, 1)
is zero. Thus, u must be constant along all lines in the direction of (b, 1).
The parametric representation of a line passing through a given point (z,t) €
R"™ x [0,00) and in the direction of (b,1) is given by s+ (z + sb,t + s), for
all s > —t. Thus, u is constant on the line (z + sb,t + s) for all s > —t and,
in particular, the value of v at s = 0 and s = —t are same. Hence,

u(z,t) = u(z —tb,0).

The procedure explained above can be formalised as below.
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The equation of a line passing through (z, t) and parallel to (b, 1) is (z,t)+
s(b, 1), for all s € (—t,00), ie., (x + sb,t + s). Thus, for a fixed (z,t) €
R™ x (0, 00), we set v(s) := u(x+sb,t+s) for all s € (—t,00). Consequently,

dv(s) d(x+sb) Ou d(t+s)
- bt +s) DXL Oy
ds Vu(e +sb,t+5) ds +8t(x+s’ +9) ds
0
= Vu(:)s+sb,t+s)-b+a—1:(x+sb,t+s)
and from (2.2.1) we have % = 0 and hence v(s) = constant for all s € R.

Thus, in particular, v(0) = v(—t) which implies that u(z,t) = u(z — tb,0).
If the value of u is known at time ¢t = 0, for instance, u(x,0) = g(z) on
R™ x {t = 0} for a function g : R™ — R, then

u(z,t) = u(z —tb,0) = g(x — tb).

Since (x,t) was arbitrary in R" x (0,00), we have u(x,t) = g(x — tb) for
all z € R" and ¢t > 0. Thus, g(x — tb) is a classical solution to (2.2.1) if
g € CHR"). If g ¢ C(R™), we shall call g(x — tb) to be a weak solution of
(2.2.1).

2.2.3 Inhomogeneous Transport Equation

We now consider the inhomogeneous transport problem. Given a vector
b € R" and a function f : R" x (0,00) — R, find u : R” x [0,00) — R
satisfying

)+ Vulet) = e t) W x (0,00)  (222)

As before, we set v(s) := u(xz + sb,t + s), for all s € R, and for any given
point (z,t) € R™ x (0,00). Thus,

dv(s)
ds

du

ot

=b-Vu(zr+sbt+s)+ —(z+sbt+s)= f(x+sbt+s).
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Consider,

u(z,t) —u(z —tb,0) = v(0) —v(—t)
0d

v
—d
_; ds °
0
= /f(m+sb,t+s)ds
¢

- / f(z+ (s—1t)b,s)ds.

0

Thus, u(z,t) = u(z — tb,0) + fg f(z 4+ (s —t)b, s) ds solves (2.2.2).

2.3 Integral Surfaces and Monge Cone

2.3.1 Quasi-linear Equations

We begin by describing the method for first order quasi-linear PDE,
F(Vu,u,z) :=b(z,u(x)) - Vu(x) — c(z,u(z)) =0 for z € Q,

where Q@ C R™ open subset, b(z,u(x)) € R" and c(z,u(z)) € R. Thus,
we have (b(x,u(x)),c(z,u(x))) - (Vu(x),—1) = 0. Finding the solution u is
equivalent to finding the surface S in R"*! which is graph of the solution u
of the given quasi-linear PDE, i.e.,

S={(z,2) e QxR | u(z) —z=0}.

The equation of the surface S is given by G(z,2) = u(xz) — 2. The normal
to S, at any point, is given by the gradient of G. Hence, VG = (Vu(x), —1)
(cf. Appendix B). Therefore, for every point (zo,u(zo)) € S, the coefficient
vector (b(xg, u(xg)), c(xg, u(xy))) € R*™! is perpendicular to the normal vec-
tor (Vu(zg), —1). Thus, the coefficient vector must lie on the tangent plane
at (zo,u(x)) of S. Define the vector field V(z, z) = (b(x, 2), ¢(z, z)) formed
by the coefficients of the quasi-linear PDE. Then, we note from the above
discussion that .S must be such that the coefficient vector field V' is tangential
to S at every point of S.

Definition 2.3.1. A curve in R" is said to be an integral curve for a given
vector field, if the curve is tangent to the vector field at each of its point.
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Similarly, a surface in R™ is said to be an integral surface for a given vector
field, if the surface is tangent to the vector field at each of its point.

In the spirit of the above definition and arguments, finding a solution
to the quasi-linear PDE is equivalent to finding an integral surface S corre-
sponding to the coefficient vector field V. We view an integral surface w.r.t
V' as an union of integral curves w.r.t V.

2.3.2 Nonlinear Equations

The arguments in previous section can be carried over to a general nonlinear
first order PDE. Consider the first order nonlinear PDE, F': R" xR x 2 — R
such that (cf. (1.1.1))

F(Vu(z),u(z),z) =0 in €,

where 2 C R", F' is given and wu is the unknown to be found. We want
find a surface described by the solution u in R**!. In the quasi-linear case,
using the equation, we obtained a unique direction (b, ¢) which is tangential,
at each point, to our desired surface S! In the non-linear case, however, we
have no such unique direction cropping out of the equation. For any point
x € €, the point (x, z), where z = u(x) is in the solution surface. Further,
if p = Vu(z) then we have the relation F(p,z,2) = 0. Thus, for a fixed
(x,z) € Q x R, we consider the more general equation F(p,z,z) = 0 and
denote the solution set as

V(z,z) ={peR"| F(p,z,x) = 0}.

Therefore, solving (2.5.1) is equivalent to finding a u € C*(£2) such that, for
all x € Q, there is a pair (z, z) for which z = u(z) and p = Vu(z). Every
choice of p is a possible normal vector candidate (p,—1) at (g, z9) on S.
In general, these family of normals envelope a cone with vertex at (xg, 2g)
perpendicular to S. As p varies in V(z,z2), we have a possible family of
(tangent) planes through (¢, zo) given by the equation

(2= 20) =p- (& — 20),

where one of the planes is tangential to the surface S. The envelope of this
family is a cone C(zq, 29), called Monge cone, with vertex at (zo,z29). The
envelope of the family of planes is that surface which is tangent at each of
its point to some plane from the family.
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Definition 2.3.2. A surface S in R"! is said to be an integral surface if
at each point (xg,29) € S C R™ x R it is tangential to the Monge cone with
vertex at (xg, o).

2.4 Method of Characteristics

We have already noted that solving a first order PDE is equivalent to finding
an integral surface corresponding to the given PDE. The integral surfaces
are usually the union of integral curves, also called the characteristic curves.
Thus, finding an integral surface boils down to finding a family of character-
istic curves. The method of characteristics gives the equation to find these
curves in the form of a system of ODE. The method of characteristics is a
technique to reduce a given first order PDE into a system of ODE and then
solve the ODE using known methods, to obtain the solution of the first order
PDE.

Let us consider the first order nonlinear PDE (2.5.1) in new independent
variables p € R", z € R and = € (). Consequently,

F(p7 Z7I) = F(p17p27 <oy Pny 2, X1, T2, - 7$n)

is a map of 2n + 1 variable. We now introduce the derivatives (assume it
exists) of I’ corresponding to each variable,

VpF = (Fp17"'7Fpn)

V.F = (F,,...,F.).
The method of characteristics reduces a given first order PDE to a system of
ODE. The present idea is a generalisation of the idea employed in the study
of linear transport equation (cf. (2.2.1)). We must choose a curve x(s) in
() such that we can compute v and Vu along this curve. In fact, we would
want the curve to intersect the boundary.

We begin by differentiating F' w.r.t x; in (2.5.1), we get

> Fyptiy,a, + Fog, + F,, = 0.
j=1
Thus, we seek to find z(s) such that
>y (p(s), 2(8), 2(8)ttae, (2(5)) + Eulp(s), 2(s), 2(s))pils)
j=1

+ Fwi(p(s),z(s),x(s)) = 0.
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To free the above equation of second order derivatives, we differentiate p;(s)
w.r.t s,

ds ‘= ds
and set &o,(s)
ds :ij<p(8),z(8),x(s))
Thus,
B0) P (p(s), (). 2(5)). (2.4.1)
Now substituting this in the first order equation, we get
dp;iS) = —F.(p(s), 2(s), 2(s))pi(s) — Fu, (p(s), 2(s5), 2(s)).
Thus
d]c)iis) = —F.(p(s), 2(s),z(s))p(s) — V. F(p(s), z(s), z(s)) (2.4.2)

Similarly, we differentiate z(s) w.r.t s,

dz(s) dxj()
ds ZUI’

B Z U, (2(5)) Fp, (p(s), 2(s), 2(s))

Thus,
dii(«j) =p(s) - VI (p(s), 2(s), 2(s)). (2.4.3)

We have 2n+1 first order ODE called the characteristic equations of (2.5.1).
The steps derived above can be summarised in the following theorem:

Theorem 2.4.1. Let u € C*(Q) solve (2.5.1) and x(s) solve (2.4.1), where
p(s) = Vu(z(s)) and z(s) = u(xz(s)). Then p(s) and z(s) solve (2.4.2) and
(2.4.3), respectively, for all z(s) € Q.
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We end this section with remark that for linear, semi-linear and quasi-
linear PDE one can do away with (2.4.2), the ODE corresponding to p,
because for these problems (2.4.3) and (2.4.1) form a determined system.
However, for a fully nonlinear PDE one needs to solve all the 3 ODE’s to
compute the characteristic curve. The method of characteristics may be
generalised to higher order hyperbolic PDE’s.

Remark 2.4.2. If the PDE is linear, i.e., a and b are independent of u,
then the characteristic curves are lying in the zy-plane. If the a and b are
constants (independent of both = and u) then the characteristic curves are
straight lines. In the linear case the characteristics curves will not intersect.
This is easily seen from the fact that if they intersect then, at the point of
intersection, they have the same tangent. This is not possible.

(a) In first order linear problem, the ODE reduces to, as follows: Let
F(Vu,u,x) :==b(z) - Vu(z) + c(x)u(x) =0 x € Q.

Then, in the new variable, F(p,z,z) = b(z) - p + ¢(x)z. Therefore, by
(2.4.1), we have

Also,

(b) For a semi-linear PDE

F(Vu,u,x) :=b(z) - Vu(z) + c(z,u(x)) =0 for x € Q,

we have (5)
dx(s
")V, E = ba(s))
Also,
dz(s)
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(¢) A quasi-linear PDE has the form
F(Vu,u,x) := b(z,u(x)) - Vu(z) + c(z,u(z)) =0 for z € Q.

Then, in the new variable, F(p, z, ) = b(z, 2) - p+ ¢(x, z). Therefore, by
(2.4.1), we have

BO) P = ba(s).2(5)
Also,
djl—f) = b(x(s),2(s)) - p(s) = ba(s), 2(s)) - Vu(x(s)) = —c(a(s), 2(s)).

Example 2.4. To understand the derivation of the characteristic equation and
the geometry involved, explained in this section, let us see what is happening
two varibale first order quasi-linear equation:

a(z,y, w)u, + b(x,y, u)u, = c(z,y,u). (2.4.4)

Solving for u(z,y) in the above equation is equivalent to finding the surface
S = {(z,y,u(x,y))} generated by w in R3. If u is a solution of (2.4.4), at
each (x,y) in the domain of w,

a(z,y,u)u, +b(z,y,uw)u, = c(x,y,u)
a(z,y,w)u, + b(x,y, w)u, —c(z,y,u) = 0
(a(z,y,u), b(z,y,u), c(z,y,u)) - (ug,uy, =1) = 0
(a(z,y,u),b(z,y,u), c(z,y,u)) - (Vu(z,y),-1) = 0.

But (Vu(z,y),—1) is normal to S at the point (x,y) (cf. Appendix B).
Hence, the coefficients (a(z,y,u),b(x,y,u),c(x,y,u)) are perpendicular to
the normal. Thus, the coefficients (a(z,y,u),b(z,y,u), c(x,y,u)) lie on the
tangent plane to S at (z,y,u(x,y)). Hence, finding u is equivalent to find-
ing the integral surface corresponding to the coefficient vector field V. =
(a(z, 9, ), bz, y, v), c(z, ).

The surface is the union of curves which satisty the property of S. Thus,
for any curve I' C S such that at each point of I, the vector V(z,y) =
(a(z,y,u),b(x,y,u),c(r,y,u) is tangent to the curve. Parametrizing the
curve I' by the variable s, we see that we are looking for the curve I' =
{z(s),y(s),z(s)} C R? such that

% = alals), y(s), ulx() 9(5)), L = bla(s), y(s), ua(s),u(s),
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and — = c(a(s),y(s), u(z(s), y(s)))-

The three ODE’s obtained are called characteristic equations. The union
of these characteristic (integral) curves give us the integral surface.

We shall now illustrate the method of characteristics for various examples
of first order PDE.

Ezxample 2.5 (Linear Transport Equation). We have already solved the linear
transport equation by elementary method. We solve the same now using
method of characteristics. Consider the linear transport equation in two
variable,

u+bu, =0, z€Randt e (0,00),
where the constant b € R is given. Thus, the given vector field V(x,t) =
(b,1,0). The characteristic equations are

dx dt dz
E—b, %—1,and£—0.

Solving the 3 ODE’s, we get
x(s) =bs+c1, t(s)=s+co, and z(s) = cs.

Eliminating the parameter s, we get the curves (lines) x — bt = a constant
and z = a constant. Therefore, u(z,t) = f(x — bt) is the general solution,
for an arbitrary function f.

In the inhomogeneous equation case, where the ODE corresponding to z
is not zero, we intend to seek a function ®(x,u) such that the solution u is
defined implicitly by ®(x,u) = a constant. Suppose there is such a function
® then, by setting z := u,

b, +P.u,, =0 Vi=1,2,...,n.
Assuming ®, # 0, we get
-, ,
Uy, = ?Zl Vi=1,2,...,n.
If u solves b(z,u) - Vu(z) = c¢(z,u) then (b(w),c(w)) - V,® = 0 is a homoge-

neous first order equation of ® in n + 1 variables. In this case,

dw(s) dd(w(s))
T = (b,c) and — = 0.
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Ezample 2.6 (Inhomogeneous Transport Equation). Given a constant b € R
and a function f(x,t) , we wish to solve the inhomogeneous linear transport
equation,

ug(x,t) + bug(x,t) = f(x,t), z €Randte (0,00).

As before, the first two ODE will give the projection of characteristic curve
in the zt plane, x — bt = a constant, and the third ODE becomes

dz(s)
) _ la(s) o))

Let’s say we need to find the value of u at the point (x,t). The parametri-
sation of the line passing through (z,t¢) and (z — bt,0) in the first variable
is x(s) = x — bt 4 bs and in the second variable is t(s) = s, as s varies from
0 to t. If z has to be on the integral curve, then z(s) = u(x — bt + bs, s).
Therefore, the third ODE becomes,

dz(s)

7 = f(q;(s),s) = f(l‘ — bt + bS,S).

Integrating both sides from 0 to t, we get

[ 1=ttt -5 = =) -=0)
= wu(z,t) —u(z — bt,0).
Thus, )
u(z,t) = u(z — bt,0) +/D flz —b(t—s),s)ds

is the general solution.

Ezample 2.7. Let us compute the general solution (in terms of arbitrary
functions) of the first order PDE zu,(z,y) + yu,(x,y) = u(z,y). The char-
acteristic equations (ODE’s) are

dx dy dz
o x(s) o y(s) and o= 2(s).

Thus, x(s) = c1€®, y(s) = cxe® and z(s) = cze®. Eliminating the parameter s,
we get y/x = ¢y and z/x = ¢5. Thus, the general solution is F(y/x, z/x) =0
for an arbitrary function F'. Explicitly,

u(r,y) = xg(y/x) or u(z,y) = yf(z/y),



CHAPTER 2. FIRST ORDER PDE 30

for some arbitrary smooth functions f and g. Compare this answer with
Example 2.3(ii).

Ezample 2.8. Let us compute the general solution (in terms of arbitrary
functions) of the first order PDE yu(x, y)u,(z,y) + zu(z, y)u,(x,y) = zy.
The characteristic equations are

dr _ dy _ g 9%
o= Yz, I Tz an o= xy.
Hence,
0 = xd—x— &y
s yds
_d=?)  d(y?)
N ds ds
~d@® =)
N ds '

Thus, 22 — y? = ¢; and, similarly, 22 — 2? = ¢,. Hence, the general solution

is F(2? —y?, 2% — 2?) = 0 for some arbitrary function F. Explicitly, for some
f and g,

w(z,y) = * + f(a® — y?) or v?(z,y) = y* + g(a® — ).

Ezample 2.9. Let us compute the general solution (in terms of arbitrary
functions) of the first order PDE 2yu, + uu, = 2yu®. The characteristic
equations (ODE’s) are

d d d

d_i = 2y(s) d—Z = z(s) and d—z = 2y(s)2%(s).

Solving in the parametric form is quite cumbersome, because we will have a
second order nonlinear ODE of y, y”(s) = 2y(y')*. However, for u # 0, we get
Z—; = 2y(s)z(s) solving which we get In|z| = y? 4 ¢; or z = cpe?". Similarly,

2
dy z coe¥ : . a2 .
o = 3 T ey solving which we get cox + e¥" = ¢3 or, equivalently,

zze ¥ + e ¥ = ¢y. Thus, the general solution is
Fle V' (14 x2),e ¥ 2) =0.

or

u(z,y) = f (e‘yz(l + xu)) eV’
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for some arbitrary smooth functions f. Note that u = 0 is a solution if we
choose f = 0. The characteristic curves are (1 + xu)e‘y2 = a constant and
along these curves ue " is constant.

Ezample 2.10. Let us compute the general solution (in terms of arbitrary
functions) of the first order PDE w,+2zu, = u*. The characteristic equations
(ODE’s) are

d d d

d—f =1 d—z = 2x(s) and . 22(s).
Solving which we get z(s) = s + c1, y(s) = s* + 2¢18 + ¢ and 2(s) =
—1/(s+c3). Eliminating s between x and y, we get the characteristic curves

to be y — 22 = a constant and x + 1/2 = a constant. Thus, the general
solution is F(y — 22,z + 1/2) = 0. Explicitly,
-1
u(xr,y) = ———<
(@) z+ fly —2?)

for some arbitrary smooth functions f.

Ezample 2.11. Let us compute the general solution (in terms of arbitrary
functions) of the first order PDE yu, — zu, = 2zyu. The characteristic
equations (ODE’s) are

dx dy dz
T y(s) 5 —z(s) and = 2xyz.

To avoid cumbersome ODE, let us begin by assuming y # 0, then dividing
the entire equation by y, we get

d d d

d_i =1 d—‘z = —xz(s)/y(s) and d—z =21z
Solving which we get x(s) = s + ¢, y(s) = —s* — 2¢15 + 2¢ and |2(s)| =
caes TS, Eliminating s between z and y, we get the characteristic curves
to be y? + 22 = a constant and z = cie”. Thus, the general solution is
F(y? + 22, e % 2) = 0. Explicitly,

2

u(z,y) = f(y* +2%)e”

for some arbitrary smooth functions f.



CHAPTER 2. FIRST ORDER PDE 32

Ezxample 2.12. Let us compute the general solution (in terms of arbitrary
functions) of the first order PDE u,, + € u,, + e™u,, = (221 + €"*)e". The
characteristic equations (ODE’s) are

dxy dxs dxs dz
ol 2 e IS s d = = (2 T z(s)'
P 7. = ¢ 7, — ¢ and — (2x1 + €™)e
Solving which we get z1(s) = s+ c1, T2(s) = e®e® + ¢y, e7™() = —5 4¢3 and
e *) = —g? —2¢c;5 — et 4 ¢y

Eliminating s between z; and x5, we get x5 —e*' = a constant, e™ +x; = a
constant and the general solution is F'(zo — €™, e % + 11, e “ + 22 +¢%1) = 0.
Explcitly,

et = flog — €™, e ™ +a1) — 27 — ™

for some arbitrary smooth functions f.

2.5 Complete Integrals

In this section, we study the form of general solutions of a first order PDE,
ie.,

F(Vu(z),u(z),z) =0 in Q. (2.5.1)

Let A C R” be an open set which is the parameter set. Let us introduce the
n x (n+ 1) matrix

Ug, Ugra; -+ Uz,ay
2 o
(Dyu, Diu) =

Ua, Uziay, --- Uznay,

Definition 2.5.1. A C? function u = u(z; a) is said to be a complete integral
in Q x A if u(z;a) solves (2.5.1) for each a € A and the rank of the matrix
(Dyu, D% u) is n.

The condition on the rank of the matrix means that u(x;a) strictly de-
pends on all the n components of a.

Ezample 2.13. The nonlinear equation w,u, = u has a complete integral
u(z,y; a,b) = xy + ab+ (a,b) - (x,y). We shall derive this solution in Exam-
ple 2.22.



CHAPTER 2. FIRST ORDER PDE 33

Ezample 2.14. The nonlinear equation u2 + u, = 0 has a complete integral
u(z,y;a,b) = ax — ya® + b.

Example 2.15. For any given f : R" — R, the complete integral of the
Clairaut’s equation

z-Vu+ f(Vu) =u
is
uw(xr;a) =a-z+ f(a) VaeR"™

Ezample 2.16. The complete integral of the eikonal equation |Vu| = 1 is
u(z;a,b) =a-x+0bforall a € S(0,1) and b € R.

Example 2.17. The Hamilton-Jacobi is a special case of the nonlinear equa-
tion where F(x,z,p) = p, + H(x,p1,...,pn_1) where H is independent of z
and p,. For any given H : R — R, the complete integral of the Hamilton-
Jacobi equation

ur+ H(Vu) =0
1s
u(z,t;a,b) =a-x—tH(a)+b VYaeR" beR.

2.5.1 Envelopes and General Integrals

Definition 2.5.2. Let Q C R™ and A C R™ be open subsets and let u =
u(x;a) be a C' function of both x and a. Suppose the equation Dyu(x;a) =0
is solvable for a, as a C* function of x, say a = ¢(x), i.e., Dyu(z; p(x)) = 0,
then v(x) := u(z; ¢(x)) is the envelope of the functions {u(-;a)}aea.

The idea is that for each x € 2, the graph of v is tangent to the graph of
u(+;a) for a = ¢(x).

Ezample 2.18. The complete integral of the nonlinear PDE u?(1+|Vu|?) =1
is u(r;a) = £(1 — |z — al?)V/? with |z — a| < 1. Now, solving Dyu =

iz = 0 for a, we get a = ¢(x) := x. Thus, the envelope is v(x) =
1.

Theorem 2.5.3. Suppose for each a € A, u(-;a) is a solution to (2.5.1)

and the envelope v of u, given as v(z) = u(x, ¢(z)), exists then v also solves
(2.5.1).
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Proof. Since v(z) = u(z; ¢(x)), for each i =1,2,....n,
"le(flf) = Uy, + Zuaj jxl ($) = Ug,
j=1

because D u(z;¢(x)) = 0. Therefore,
F(Vu(z), v(x),z) = F(Vu(z; ¢()), u(z; ¢(x)), z) = 0.
[

Definition 2.5.4. The general integral is the envelope w of the functions
u(x;a h(a')) where a’ := (a1, a9,...,a,-1) and h : A C R"! — R, provided
1t exists.

Ezxample 2.19. The envelope of the nonlinear equation u,u, = u, considered
in Example 2.13, is u(x,y; a,b) = xy + ab+ (a,b) - (z,y). Let h: R — R be
defined as h(a) = a, then u(x,y;a, h(a)) = u(z,y;a,a) = vy + a® + alx +y).
Solve D,u = 2a + x + y = 0 which yields a = ¢(z) := w Therefore, the
envelope w(z) = u(z,y; ¢(z), h(p(z))) = —(z — y)?/4.

Example 2.20. Consider the eikonal equation |Vu(z,y)| = 1 in two di-
mension, i.e., \/u2+u2 = 1 whose complete integral is u(x,y;a1,as) =
(z,y) - (cosay,sinay) + ay. Consider h = 0, then u(z,y; a1, h(a)) = (x,y) -
(cosay,sinay). Thus, solving D, u = —xsina; + ycosa; = 0, we get
a; = arctan(y/x). Since

1 d sin(arctan(z)) :
——— and sin(arctan(z)) = ——,
V1422 V1422

we have the envelope w(x) = £4/22 + y? for non-zero vectors.

Ezample 2.21. Consider the Hamilton-Jacobi Equation u; + |Vu|? = 0 whose
complete integral is u(z,t;a,b) = x - a — t|la|* + b, where a € R" and b € R.
Consider h = 0, then u(x,t;a,h(a)) = x - a — tla|>. Thus, solving D,u =

r —2ta =0, we get a = 5;. We get the envelope w(x) = %.

cos(arctan(z)) =

2.5.2 Method Of Characteristics

We have already derived the characteristic equation for a first order PDE.
We illustrate through examples its application for nonlinear PDE.
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Example 2.22. Let us compute a complete integral of the first order PDE
uzuy, = u(x,y). The equation is of the form F(p,z,x) = pipo — z. The
characteristic equations are (using (2.4.1))

(dziS)’ diff)) = (pa(), p1(5)),

(using (2.4.2))

and (using (2.4.3))

dz(s)
ds

= (p1(8),p2(5)) - (p2(5), p1(8)) = 2p1(8)p2(s)

Thus, on integrating, we get p;(s) = c1€® and ps(s) = cze®. Solving for z, we
get

2(s) = c1c0€* + cs.

Using p, we solve for = to get x(s) = cee® + b and y(s) = c1€® + a.Therefore,
u(w,y) = (y — @)z — b) + ¢s

is a complete integral for arbitrary constants a and b, if we choose c3 = 0.
We have already seen in Example 2.13 that u(x,y) = zy + ab+ (a,b) - (z,y)
is a complete integral.

Example 2.23. Let us find a different complete integral of the nonlinear PDE
uzu, = u. Note that F(p, z,x) = p1ps — z. Then the ODE

(dfzf)’ d?ii(ss)) = (pa(s), p1(5)),

dp(s)
ds

= p(s)

Thus, on integrating, we get pi(s) = cie® and po(s) = cge®. Therefore,
p1/p2 = a. Using this equation with pips = z, we get p; = +y/az and
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pa = ++/z/a. Now,

E— e (52 Y)

ds ds

e

1 dz(s) dx(s) dy(s)
%ds ::l:(\/a ds +1/Va ds)

2vz = *(Vax+y/va)+cs.
Thus,

u(z,y) = [b+ % (Vazx +y/\/5)}2

is a complete integral, if we had chosen a > 0.

Note that previous two examples compute two different complete integral
for same equation. However, in both examples, no choice of @ and b will give
the zero solution © = 0. Thus, u = 0 is called singular solution.

FExample 2.24. Let us find the complete integral, general solution and singular
solution of the fully non-linear PDE w2 + u? = 1 + 2u. Since F(p,z,z) =
p? + p3 — 1 — 2z, the ODEs are

(dzf)’ dZiS)) = (2p1(5), 2pa(s)),

dp(s)

= (2p1,2
ds ( P1, p2)

Thus, on dividing and integrating, we get p;/p2 = a. Using the PDE, we get
(1+a®)p3 =1+ 2z. Thus,

1+ 2z 1+ 2z
— 4 — tay |22
b2 1+raz TR
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Now,
dz(s) dx(s) dy(s)
dS - (p1(8)7p2(8)). dS ’ dS
[14+2z [ dx(s)  dy(s)
= =+
14 a? (a ds * ds
1 dz(s) N 1 (adx(s) N dy(s))
VIit2z ds T /1+a2 ds ds
ar +y
V1+2z = +—=+b
’ Vita
Thus,

1 [ ax+y S|
u(zr,y) = = +b) — =
(z,y) = 3 ( T ) 5
is a complete integral. Note that no choice of a and b will give the constant
solution u = —1/2. Thus, u = —1/2 is called singular solution.

FEzercise 9. Find the general solution (in terms of arbitrary functions) of the
given first order PDE

(i) zu, +yu, = ze™ with > 0. (Answer: w(z,y) = f(y/z) for some
arbitrary f).

(ii) uy +uy =y +u. (Answer: u(z,y) = —(1+y) + f(y — z)e*).
(iil) 2%u, + y?u, = (z + y)u. (Answer: u(z,y) = f((1/z) — (1/y))(z —y)).

(iv) z(y* — u?)u, — y(u® + 2*)u, = (2? + y*)u. (Answer: u(x,y) = %f(aﬂ +
y? +u?)).

(v) (In(y + u))uy + u, = —1.
(vi) z(y — w)uy + y(u — x)u, = (x — y)u.

(vil) u(u® + zy)(2u, — yu,) = z*.

)
)
)
(viil) (y + zu)u, — (z + yu)u, = 2% — y*.
(ix) (v* 4+ u*)u, — xyu, + zu = 0.
)

(x) (y —wuy + (u —2)uy, =2 —y.
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(xi) z(y? + uw)u, — y(2? + uw)u, = (2 — y*)u.

)
(xii) V1 — 22u, +u, = 0.

(xiii) (z + y)uu, + (2 — y)uu, = 2 + y*.
(xiv) Find a complete integral of wu,u, = u, + u,.
)

(xv) Find a complete integral of u} + u} = zu.

2.6 Cauchy Problem

Recall that the general solution of the transport equation depends on the
value of u at time ¢t = 0, i.e., the value of u on the curve (z,0) in the xt-
plane. Thus, the problem of finding a function u satisfying the first order
PDE (2.4.4) such that u is known on a curve I' in the zy-plane is called the
Cauchy problem.

Definition 2.6.1. A Cauchy problem states that: given a hypersurface I' C
R™, can we find a solution u of F(x,u(x), Vu(z)) = 0 whose graph contains
re

The question that arises at this moment is that: Does the knowledge of u
on any hypersurface I' C R" lead to solving the first order PDE? The answer
is a “no”. For instance, in the transport problem, if we choose the curve
I' = {(x,t) | x — bt = 0}, then we had no information to conclude u off the
line z — bt = 0.

2.6.1 Quasilinear

Consider the general first order qausilinear PDE with n independent variable
F(z,u, Du, D*u) := b(x,u(z)) - Du(z) — c(u(z), ), (2.6.1)

where b = b; is a vector with n components. Let I' C €2 be an hypersurface
defined implicitly as S(z) = 0 and V.S # 0. Given u on I', can we calculate
all first derivatives of w on I'? To answer this, we map I' to a hyperplane
[y by the map ¢ : I' — T’y with its components ¢ = (¢1, ¢o, ..., d,) such
that ¢,(r) = S(x) and Js(x) # 0, non-zero Jacobian of ¢, for all z € Q. For
sufficiently regular hypersurfaces such a mapping exists. Note that I’y is a



CHAPTER 2. FIRST ORDER PDE 39

subset of the hyperplane whose final coordinate is zero. Let y = ¢(x) and

v(y) := u(x). Then
e = DV

k=1
Using the above equation, the first order linear PDE becomes

"os
ikzl bia—xivyk = ¢(v,y), (2.6.2)

where RHS is all known on I'y. To understand LHS on I'y, note that

1
Uyk(y) = ]IZIE}% E[v(yh s Yk + ha s 7yn—170) - U(yla ey Yk - - 7yn—170)]‘

Therefore, we know v,,, for all k = 1,2,...,n — 1, on I'y. We only do not
know vy, on I'g. Thus, (2.6.2) can be rewritten as

Z bi%vy = terms known on I'.
Since ¢, (x) = S(x), we can compute vy, if
> bi(2)S,, # 0
i=1

on I'. Note that V.S is the normal to the hypersurface S(z) = 0.

Definition 2.6.2. We say a hypersurface I' C 2 C R™ s non-characteristic
w.rt (2.6.1) if

Zbi(u(x),x)ui(x) 40 Vrel,

where v(x) is the normal vector of T' at x.

For instance, in the two dimension case, I' = {7;(r),%(r)} C Q C R? is
non-characteristic for the quasilinear Cauchy problem

a(z,y,w)u, +b(z,y, w)u, =c(zr,y,u) (xr,y) € (2.6.3)
u =g on I’ e

if I" is nowhere tangent to (a(y1,72, 9), (71,72, 9)), i-e.,

(a(’ylaﬂ}/?ag)a b(’)/laﬁy%g)) ! (_’Yé,’}/i) 7é 0.
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FExample 2.25. Consider the equation
2ux(x,y)+3uy(:v,y) = 1 in RQ'

Let I" be a straight line y = ma + ¢ in R?. The parametrisation of the line is
L(r) := (r,mr + ¢) for r € R. Therefore,

(a(m(r);72(r), b(n(r), 72(r) - (=7(r), 1 (r) = (2,3) - (=m, 1) = 3 = 2m.

Thus, the line is not a non-characteristic for m = 3/2, i.e., all lines with slope
3/2 is not a non-characteristic.

Theorem 2.6.3. Let a,b and c, the coefficients of (2.6.3), have continuous
partial derivatives w.r.t z,y,u. Let I'(r) := (y1(r),72(r)) be the parametriza-
tion of an initial curve on which w(~y1(r),v2(r)) = &(r) such that v1,7v2 and
¢ are continuously differentiable and the initial curve is non-characteristic,
i.e.,

(a(y1,72,9), (71,72, 8)) - (=5, 71) # 0.

Then there ezists a unique solution u(x,y) in some neighbourhood of I which
satisfies (2.6.3).

Proof. The characteristic curves are solution to the ODE’s

dx dy du

E(ra S) - Cl(.l', Y, u)7 E(ra S) - b(l‘, Y, u) and E(Ta 8) - C($7 Y, u)
such that on T, z(r,s) = v(r), y(r,s) = 7(r) and z(r,s) = ¢(r). The
non-characteristic property of I" implies that the following Jacobian on I':

o ou
( i % ) — (a7 0, b1, 72, 8)) - (=7ps L) £ 0.

By implicit function theorem (cf. Theorem C.0.2), one can solve for r and
s in terms of x and y, locally, in the neighbourhood of I'. Set v(z,y) =
u(r(z,y), s(x,y)). We will show that v is a unique solution to (2.6.3). Note
that, by implicit function theorem, the value of v on I is

v(@,y) = u(n(r),72(r)) = o(r).
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Moreover,

avy +bu, = a(u,ry + ussy) + b(u,ry + ussy)
= wu,(ary + bry) + us(as, + bs,)

- ur(’f’xfﬁs + /ryys) + us(sxxs _|_ Syys)
dr ds B du B

_— U’T’_

L M

C

]

Theorem 2.6.4. If the initial I" is non-characteristic and there exists func-
tions o and (3, as above, then there exists a unique (depending on o and [3)
solution u(x,y) in some neighbourhood of I' which satisfies (2.6.5).

Recall that we already introduced the notion of well-posedness of a PDE
in Chapter 1. We see the existence issues in a example which highlights the
importance of well-posedness of Cauchy problem. In particular, if I' is not
non-characteristic, then the Cauchy problem is not well-posed.

Ezxample 2.26. (i) Find the general solution (in terms of arbitrary func-
tions) of the first order PDE 2u,(x,y) + 3u,(x,y) + 8u(x,y) = 0.

(ii) For the PDE given above, check for the characteristic property of the
following curves

a) y = x in the xy-plane
b) y = 3a:—1.

2

—~

(iii) Discuss the particular solutions of the above PDE, corresponding to
(a) u(z,r) =2*ony==x
(b) u(z, B3z —1)/2) =2*ony = (3x —1)/2
(c) u(x, 3z —1)/2) = e 2.

Observe the nature of solutions for the same PDE on a characteristic
curve and on non-characteristic curve.

(i) The characteristic equations are

dx dy dz
7 s 3 and 7 8z
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Hence,

z(s) =2s+c1 y(s) =35+ cy and z(s) = cze” .

Thus, 3z — 2y = ¢4 and z = cqe™*® or z = ;e /3. Hence, the general
solution is F(3x — 2y, e**2) = 0. Explicitly, for some f and g,

u(z,y) = f(3x — 2y)e ™ or u(z,y) = g(3x — Qy)effﬂy/?

(ii) (a) Parametrise the curve y = x as I'(r) : r — (r,7). Thus y(r) =
v2(r) = r. Since the coefficients of the PDE are a(r) = 2 and
b(r) = 3, we have

(a,0) - (=75(r),7(r) = (2,3) - (=1,1) = =2+3 =1 #0.

Hence I' is non-characteristic.

(b) Parametrise the curve y = (3z —1)/2 as I'(r) : r — (r, (3r — 1)/2).
Hence v1(r) = r and 7,(r) = (3r — 1) /2 and

Hence T is a characteristic curve.

(iii) Recall that the general solution is F'(3x — 2y,e'®2) = 0 or

u(z,y) = f(3z — 2y)e’45”’ or u(z,y) = g(3x — 2y)e’8y/3.

(a) Now, u(x,z) = z* implies F(z,e*z*) = 0. Thus,

64:132 — 612x78y(3x o 2y)4

and
u(z,y) = (3r —2y)'e" ),
Thus, we have a unique solution wu.
(b) Using the given condition, we have F(1,2%¢%®) = 0. Either f(1) =
x2e?® or f(x%e*) = 1. The first case is not valid (multi-valued
function). The second case corresponds to z = e~** which will not

satisfy the Cauchy data. Hence there is no solution u solving the
given PDE with the given data.
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(c) Once again using the given condition, we have F(1,z%**) = 0.
Either f(1) = 2%e or f(2%e%®) = 1. The first case is not valid
(multi-valued function). The second case corresponds to z = e~ %%
which will satisfy the Cauchy data. Since there many choices of f
that satisfies f(2?e?®) = 1, we have infinite number of solutions (or
choices for) u that solves the PDE.

Ezample 2.27. (i) Find the general solution (in terms of arbitrary func-

(if)

(iii)

tions) of the first order PDE w,(x,y) + u,(x,y) = 1.

For the PDE given above, check for the characteristic property of the
following curves

(a) the z-axis, {(2,0)}, in the zy-plane
(b) y=u.
Discuss the particular solutions of the above PDE, corresponding to
(a) u(x,0) = ¢(x) on z-axis.
(b) u(z,z) =z ony=x.
1

ony=ua.

Observe the nature of solutions for the same PDE on a characteristic
curve and on non-characteristic curve.

The characteristic equations are

dx dy dz
P, Yoqaad & =1
ds " ds and ds

Hence,
z(s)=s+c1 y(s) =s+c and 2(s) = s + cs.

Thus, y—x=csand z—x =c5 or x —y = ¢4 and z — y = ¢5. Hence,
for some f and g,

u(r,y) =x+ fly —z) or u(z,y) =y + gz —y).



CHAPTER 2. FIRST ORDER PDE 44

(ii) (a) Parametrise the curve x-axis as I'(r) : 7 — (r,0). Thus vy (r) = r
and ,(r) = 0. Since the coefficients of the PDE are a(r) = 1 and
b(r) =1, we have

Hence I' is non-characteristic.

(b) Parametrise the curve y = z as I'(r) : r +— (r,r). Hence v(r) =
r = Y2(r) and

Hence I' is a characteristic curve.

(iii) Recall that the general solution is
u(z,y) =+ fly —x) oru(z,y) =y +g(z—y).
(a) Now, u(x,0) = ¢(z) implies f(z) = ¢(—z) +x or g(z) = ¢(x), and
w(@,y) =y + oz —y).

Thus, we have a unique solution wu.

(b) Using the given condition, we have f(0) = 0 or g(0) = 0. One has
many choices of function satisying these conditions. Thus, we have
infinite number of solutions (or choices for) u that solves the PDE.

(¢) Once again using the given condition, we have f(0) = 1 — z or
g(0) = 1 —x for all x € R. This implies f and g are not well
defined. We have no function f and g, hence there is no solution u
solving the given PDE with the given data.

For any given (smooth enough) function ¢ : R — R, consider the linear
transport equation

u(z,0) =¢(x) zeR.

We know that the general solution of the transport equation is u(x,t) = u(x—
bt,0). Thus, u(x,t) = ¢(x — bt) is the unique solution of (2.6.4). We derive
the particular solution of the Cauchy problem (2.6.4) using parametrisation
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of the data curve I'. The example also shows how the information on data
curve [ is reduced as initial condition for the characteristic ODE’s. Note that
in the example below the data curve I' is parametrised using the variable r
and the characteristic curves is parametrised using the variable s.

Ezample 2.28. We shall compute the solution of the Cauchy problem (2.6.4).
We first check for non-characteristic property of I'. Note that I' = {(z,0)},
the z-axis of xt-plane, is the (boundary) curve on which the value of u is given.
Thus, (I, ¢) = {(z,0,¢(x))} is the known curve on the solution surface of w.

We parametrize the curve I' with r-variable, i.e., I' = {y(r),7%(r)} =
{(r,0)}. T is non-characteristic, because (b,1) - (0,1) = 1 # 0. The charac-
teristic equations are:

=b, dt(r ) =1, and
ds

dz(r, s)

=0
ds

with initial conditions,
z(r,0) =r, t(r,0) =0, and 2(r,0) = &(r).
Solving the ODE’s, we get
x(r,s) =bs+ci(r), t(r,s) =s+ ca(r)
and z(r, s) = c3(r) with initial conditions
z(r,0) =ci(r) =7
t(r,0) = ca(r) =0, and z(r,0) = c3(r) = ¢(r).
Therefore,
z(r,s) =bs+r, t(r,s)=s, and z(r,s) = ¢(r).
We solve for 7, s in terms of x,¢ and set u(x,t) = z(r(z,t), s(z,t)).
r(z,t) =x — bt and s(x,t) = t.

Therefore, u(x,t) = z(r,s) = ¢(r) = ¢p(xz — bt).
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Ezample 2.29. Let Q := {(z,y) € R? | x > 0,y > 0}. Let [ := {(2,0) | z >
0}. Consider the linear PDE

u(z,y) in
o(x) on I

{ auy (2, y) — yua(z,y)
u(z,0)

The parametrisation of the initial curve is I'(r) := (r,0) for » > 0. Therefore,
(a(r1(r),72(r), b(n (1), 72(r))) - (=73(r),1(r) = (0,7) - (0,1) =7 # 0.

Hence, the given initial curve is non-characteristic. The characteristic equa-
tions are

dxg’, s) _ dy(r,s) — 7 and dz(r,s)
s

= z(s
ds ds (5)
with initial conditions

z(r,0) =r, y(r,0) =0, and z(r,0) = ¢(r).

Note that Pa(r.s) Py )
x(r,s) y(ris)
P x(r, s) and P y(r, s).
Then, z(r,s) = c1(r) coss + co(r)sins and y(r,s) = c3(r) cos s + ¢4(r) sin s.

Using the initial condition, we get ¢;(r) = r and ¢3(r) = 0. Also,
dx(r,s)
ds
and, similarly, ¢,(r) = r. Also, z(r,s) = ¢5(r)e® where ¢5(r) = ¢(r). Thus,

we have (z(r,s),y(r,s)) = (rcoss,rsins), where r > 0 and 0 < s < 7/2.
Hence, r = (22 +?)"/? and s = arctan(y/xz). Therefore, for any given (z,y),

we have

u(z,y) = 2(r,s) = ¢(r)e’ = ¢p(y/x? 4 y?2)eetan/®),
Ezample 2.30. Let Q := {(z,y) € R? | y > 0}. Let I := {(z,0) | = € R}.
Consider the semi-linear PDE

0=—y(r,0) =

ls=0= —c1(r)sin 0 + (1) cos 0 = co(r).

ux(x,y)—l-uy(fn,y) =u2(:c,y) an
u(z,0) = ¢(x on I'
The parametrisation of the initial curve is I'(r) := (r,0) for all » € R. There-

fore,

(a(y2(r),72(r)), b(y1(r), 72(7))) - (=75(r), 71 (r)) = (1,1) - (0,1) = 1 # 0.
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Hence, the given initial curve is non-characteristic. The characteristic equa-

tions are dx(r. ) dy(r.5) d2(r.5)
x(r, s y(r, s z(r, s 9

=1, =1 and =z%(r,s

ds ds ds (rs)

with initial conditions

z(r,0) =7, y(r,0) =0, and z(r,0) = ¢(r).
) =

Therefore, z(r,s) = s+ c1(r), y(r, s) = s+ c2(r) and z(r,s) = (T Using
the initial conditions, we get ¢;(r) = r, co(r) = 0 and c3(r) = —(¢(r)) L.
Note that this makes sense only if ¢(r) # 0 for all . To overcome this
situation, we write z(r, s) = 5 d’;( . Also, we have (z(r, s),y(r, s)) = (s+r,s),
where s > 0 and r € R. Moreover r =x —y and s = y. Therefore,

u(z,y) = z(r,s) = 1_(%2)5 = l_ﬁg_y;)y. Note that the non-linearity in the

z-variable, even though the equation is linear, may cause a possible blow-up
(or singularity) in the solution. For instance, even if we assume ¢ is bounded,
a very large value of y may induce a singularity.

Example 2.31. Consider the quasi-linear PDE
ug(x,t) + u(z, tug(x,t) =z inQ
u(z,0) =1 onl.
The parametrisation of the initial curve is I'(r) := (r,0) for all » € R. There-
fore,

(a(y1(r),72(r)), (0 (r), 72(r))) - (=72(r), (7)) = (u, 1) - (0,1) = 1 #0.

Hence, the given initial curve is non-characteristic. The characteristic equa-
tions are
dx(r, s)
ds

with initial conditions
x(r,0) =r, t(r,0) =0, and z(r,0) = 1.

Therefore, t(r,s) = s + c¢1(r), z(r,s) = ca(r)e® + c3(r)e™® and z(r,s) =
ca(r)e® + cs(r)e®. Using the initial conditions, we get c¢1(r) = 0, ca(r) =
(r+1)/2 =cy(r), c5(r) = (r—1)/2 and ¢5(r) = (1 —r)/2. Solving for r and
s, in terms of x,t and z, we get s =t and
20 — et et

et et

dt(r, s) — 1 and dz(r,s)

ds ds z(r, 5)

= z(r,s),

et 2¢et
Therefore, u(x,y) = T gy + g
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2.6.2 Nonlinear

Definition 2.6.5. We say I' C 2 C R" is non-characteristic for the nonlin-
ear Cauchy problem

{ F(Vu(x),u(x),xz :2 xoi? (2.6.5)

if I' is nowhere tangent to the Monge cone, i.e., there exists function v such

that F(v(r),g(r),m(r),...,y(r)) =0 and v; = g, fori=1,2,....,n—1
on I', and satisfies

ZFZ'(V7Q,'71,.--,’Y”)'V<£L‘> #O
=1

where v(x) is normal to I at x.

In particular, in the two dimension case, I' = {y;(r),72(r)} € Q C R? is
non-characteristic for the nonlinear Cauchy problem (2.6.5) if I' is nowhere
tangent to the Monge cone, i.e., there exists function a(r) and B(r ) such that

F(alr), B(r), g(r). (1), 72(r)) = 0 and ¢/(r) = a(r)7}(r) + B(r)7a(r) and T

satisfies

(FP2(71a72agaa /6) pl(’ylv’yzvgv 76)) : (_7;771) 7é 0.

FExample 2.32. For a nonlinear PDE the concept of charaeteristics also depend
on initial values. Consider the nonlinear PDE Y 7" | w7 = 1 with u(2’,0) =
¢(z'). Note that u = z; is a solution with ¢(z’') = ;. However, any choice
of ¢ such that |V ¢(z')|? > 1 has no solution.

Suppose v is a solution of F(z,u,Vu) = 0 in a neighbourhood of some
point zg € T,

Ezample 2.33. (i) Find the general solution (in terms of arbitrary func-
tions) of the first order PDE zu,(x,y) + 2zuu,(z,y) = u(z,y).

(ii) For the PDE given above, check if the following curves in xy-plane are
non-characteristic and discuss the particular solutions of the PDE

(a) y =22%+ 1 and u(x,22% + 1) = 2x.
(b) y = 323 and u(z,32%) = 222
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()

y=a3—1and u(z, 23— 1) = 2%

Observe the nature of solutions for the same PDE on a characteristic
curve and on non-characteristic curve.

(i) The characteristic equations are

dx dy z
B -2 _9 d——
: x, . xz and : z

Hence,

z(s) = c1e®  z(s) = cpe® and y(s) = 196 + 3.

Thus, y = ¢p/c12? + ¢3 and z = ¢o/c;x. Therefore, y — 2o = ¢3 and, for
some f,

u(w,y) =z f(y — zu).

The characteristic curves are y — xu = a constant which depends on wu.

(ii) (a)

Parametrise the curve y = 222 + 1 as I'(r) : r — (r,2r* + 1). Thus
71 (r) = r and v,(r) = 2r? + 1. Since the coefficients of the PDE
are a(r) = r and b(r,u) = 4r*, we have

(@,D) - (— 4, (1) = ( 4r%) - (47, 1) = ~4¢% + 4% =0

Hence I' is not non-characteristic. But on the characteristic curves
y — 222 = 1 the function u = 2z solves the PDE. Elsewhere
the solution is non-unique and there are many choices because
u(x,22% + 1) = 2z implies f(1) = 2. Thus, we have infinite num-
ber of solutions (or choices for) u that solves the PDE on other
characterisitc curves.

Parametrise the curve y = 323 as I'(r) : r — (r,3r%). Hence
71(r) =7 and v,(r) = 3r® and

(a,b)- (=75 (r), 7 (r)) = (r,4r%) - (=9, 1) = =9 +4r> = —5r3 £ 0

for r # 0. Hence I is a non-characteristic curve. Using (u(z,32%) =
222 we get 22 = xf(323 — 223) which implies 22 = f(2%). Thus,
f(z) =223 and u(z,y) = 22(y — 2u)"/? or u?(z,y) +8x'u = 823y.
Thus, we have a unique solution. The characteristic curves are
y — 22% = a constant and the data u = 222 is given on y — 32 = 0.
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(c) Parametrise the curve y = 2® — 1 as I'(r) : r — (r,7® — 1). Hence
yi(r) =7 and v5(r) = r> — 1 and

(a7 b) ’ (_7;(7“)771(7“)) = (Tv 2T3) : (—37’2, 1) = —37’3 —+ 27~3 — —T’3 7§ 0

for r # 0. Hence I is a non-characteristic curve. Using (u(z,x® —

1) = 2? we get x = f(—1). Thus f is not well defined and, hence

there is no solution. The characteristic curves are y — 2® = a con-

stant and u = 2% given on y — 2% = —1 is not a solution.
FExample 2.34. We now give an example of a fully non linear PDE. Let Q) :=
{(z,y) € R? | @ > 0}. Let I' := {(0,y) | y € R}. Consider the fully
non-linear PDE
ugy, =u(zr,y) inQ
u(0,y) =y? on I

The parametrisation of the initial curve is I'(r) := (0,r) for all » € R. We
first look for the functions o and 3 such that

a(r)B(r) = r* and 2r = B(r).

Solving them, we get 5(r) = 2r and a(r) = r/2. Since F(p, z,x) = p1ps — 2,
we have

Evy(r)=pr=a(r)=r/2#0, forr+#0.

Hence, the given initial curve is non-characteristic. The characteristic equa-
tions are (using (2.4.1))

dx(r,s) dy(r,s)
ds = ds

) = (pa(r, s),p1(r, 8)),

(using (2.4.2))

dpg;, s) (. s)
and (using (2.4.3))
dzg;, s) = (p1(r, 8),pa(r, s)) - (p2(r,s), p1(r,8)) = 2p1(r, s)pa(r, 5)

with initial conditions

x(r,0) = 0,y(r,0) =7, 2(r,0) = 7, p1(r,0) = a(r) = g
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and
pa(r,0) = B(r) = 2r.
Thus, on integrating, we get pi(r,s) = (r/2)e® and po(r,s) = 2re®, for all
s € R. Using p, we solve for = to get z(r,s) = 2r(e® — 1) and y(r,s) =
(r/2)(e® +1). Solving for z, we get
2

2(r,s) = %(628 +1).

Solving r and s in terms of x and y, we get

x4+ 4y
4y —x’

Ay -z

r and e° =

Hence u(z,y) = z(r(z,y), s(x,y)) = (xTéy)Q'

Example 2.35. Consider the fully non-linear PDE

uzu, =u(r,y) in R?
u(z,1+z) =a? on T.

The parametrisation of the initial curve is T'(r) := (r,1 + r) for all » € R.
We first look for the functions a and S such that

a(r)B(r) = r* and 2r = a(r) + B(r).
Solving them, we get 5(r) = r = a(r). Since F(p, z,z) = p1p2 — 2z, we have
Fpy = Fpywa(r) =pa —pr = B(r) —a(r) =r —r =0, Vr.

Hence, the given initial curve is not non-characteristic. The characteristic
equations are (using (2.4.1))

dx(r,s) dy(r,s)
ds ' ds

) = (pa(r, 5), pr (7, 5)),

(using (2.4.2))

and (using (2.4.3))

dz(r, s)

g = Bl 8),p2(r,5) - (p2(r, 8), pa(r, ) = 2pa (7, s)pa(r, )
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with initial conditions
ff(r, 0) =T, y(ra 0) =1+ T, Z(’I", 0) = 7‘27]?1(7‘, 0) = Oz(?") =T

and
po(r,0) = B(r) =r.

Thus, on integrating, we get p;(r,s) = re® and py(r, s) = re®, for all s € R.
Using p, we solve for x to get z(r, s) = re® and y(r, s) = re® + 1. Solving for
z, we get z(r, s) = r?e?*. Note that there is no unique way of solving r and s
in terms of  and y. In fact, we have three possible represenation of u, viz.,
u=2x% u=(y—1)% and u = z(y — 1). This is because the Jacobian is zero.
Of these three possibilities, only v = x(y — 1) satisfies the equation.

FExample 2.36. For any given A € R, consider the fully non-linear PDE

ur+u, =1 inR?
w(z,z) =Ax onl.

The parametrisation of the initial curve is I'(r) := (r,r) for all r € R. We
first look for the functions o and 3 such that

&(r) + B%(r) =1 and A = a(r) + B(r).

We can view «(r) = cos and [(r) = sin 6 where 6 is such that cos #+sin =
A. Since F(p,z,x) = pt + p2 — 1, we have

Fo vy — Epus(r) = 2(p1 — p2) = 2(cos —sinf) =0, VO =m/4+ km,

where k = 1,2,.... Hence, the given initial curve is non-characteristic for
0 # 7/2+ kr for all k and cos@+sinf = A. The characteristic equations are
(using (2.4.1))

(FEL ) = (). 200

(using (2.4.2))
dp(r, s)

=0
ds

and (using (2.4.3))

dz(r,s)
ds

= (pl(T, 8),p2<7“, 5)) ’ (2p1(7“, 5)7 2p2<7a7 S)) = 2(]7% +p§) =2
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with initial conditions

and

z, we get z(r, s) = 2s + Ar. Solving r and s in terms of z and y, we get

x(r,0) =,

po(r,0) = B(r) = siné.
Thus, on integrating, we get pi(r, s) = cos and ps(r, s) = sinf. Using p, we
solve for z to get x(r,s) = 2scos@ + r and y(r,s) = 2ssinf + r. Solving for

€xr —

Y and r =

~ 2(cosf — sin6)

Therefore, the general solution is

u(z,y)

T —1y+ Aycost — xsinb)

cos ) —sin @
x —1y+ (cosf +sinb)(y cosf — xsinb)

rsinf — ycosd

y(r,0) =r, z(r,0) = Ar, p1(r,0) = a(r) = cos b

sin@ — cos 0

2(1 — sin @ cos § — sin? @) + y(cos®> O + sinf cos§ — 1)

cosf —sin 0

cosf —sind

xcost + ysinf.

93

Example 2.37. Consider the equation zu,u, + yuz = 1 with u(2r,0) = r.

Note that F(p,z,x,y) = zpips + yp3 — 1 = 0. Thus the ODE

(s

dy(s)
ds
dp(s)

F = —(plpm

p3)

) - (pra rpr + 29?2)7

Thus, on integrating, we get p; /ps = a. Using the PDE, we get (za+y)p3 = 1.

Thus,

Now,

p2 = £

dz(s)
ds

u(z,y) =

+2v/ax +y+b.

! a
\/xa:—l-y P = i\/TTy'
(p1(5), p2(s)) - (dfzf) d‘f)
1 dx(s)  dy(s)
ety (a ds 7
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Thus, (u(z,y) — b)? = 4(ax + y) is a complete integral. Using the initial
data, we get (r — b)? = 8ar. Differentiating w.r.t r, we get r = 4a + b and
eliminating r, we get b = h(a) := —2a. Hence, (u + 2a)? = 4(ax + y). Now
solving for a in D,u = 0, we get 4(u+2a) = 4z. Then a = ¢(x) = (x —u)/2

and the solution is
=1 (T e

z2 +4y
2x

Ezxample 2.38. Consider the equation y(ui—ui)—i—uuy = 0 with u(2y,y) = 3y.
Note that F(p, z,z,y) = y(p? — p3) + zp» = 0. Thus the ODEs become

(dxd_is), d?ii—f)) = (2yp1, 2 — 2yp2),

which yields u(z,y) =

dl;—(j) = —(p1p27p%)
Thus, on integrating, we get p? —p3 = a. Using the PDE, we get ya+up,; = 0.
Thus,
2,2
pzz—% D1 Zi\/a—l—%.
2 2
Now,

dz(s)
)~ (s ( )

dx(s) 1 ( dz(s) dy(s))

FVa—— = — Z +a

\/_ ds A /2;2 + ay2 Y
TVar Fb = —/224 ay?
w(z,y) = (b+ava)® —ay’.

Using the initial data, we get 9y* = (b+ 2y+/a)? — ay? which is satisfied with
b =0 and a = 3. Thus, u(z,y)? = 3(z* — y?).

Ezample 2.39. Consider the equation y(u2 — u;) + uu, = 0 with u(r?0) =
2r. Note that F(p,z,z,y) = y(p? — p3) + 2p> = 0. As in above example,
we get u?(z,y) = (b+ zv/a)* — ay®. Using the initial conditions, we get
47? = (b + r*y/a)?. Differentiating this w.r.t to r and solving for r, we get

5 G)
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Substituting this in the equation of r, we get b = 1/4/a. This gives

1 ? 1
u? = (% —|—:E\/5> —ay? = 5(1 + za)? — ay®.

Now solving for a in D,u = 0, we get

0 =2 ) (vt ae)

1
2 _
Y —<I7>

1
We choose the positive root above to keep a > 0 so that all roots above made
sense. Therefore,

2
2
o) = VP 14 ) L
B

Exercise 10. Find the general solution of the following PDE. Check if the
given data curve is non-characteristic or not. Also find the solution(s) (if it
exists) given the value of u on the prescribed curves.

(i) 2u; + 3u, = 0 with u(x,0) = sinz.
(i) uy —u, =1 with u(z,0) = 2?
(i) uy + uy = u with u(z,0) = cosx
(iv) uy —uy = u with u(z, —z) =sinz
(v) du, + u, = u® with u(x,0) lez
(vi) auy, + u, = u* with u(z,0) = cosx
(vil) u, +4uy, = x(u+ 1) with u(z,5z) =1
(viil) (1 — 2u)u, + y(222 + w)u, = 22(1 — zu). Also, when u(0,y) = e¥ on

z = 0.
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(ix) e®u, + zu, = zu. Also, when u(zx,0) = ¢** on y = 0.

(x) uy — 2zuu, = 0. Also, when u(z,2zx) = z~! on y = 2z and when

u(x,23) =z on y = 3.

(xi) —3u, + u, = 0 with u(z,0) = =", (Answer: u(x,y) = e~ @+3)%),

(xii) yu,+zu, = 22 +y* with u(z,0) = 14+2% and u(0,y) = 1+y*. (Answer:
u(z,y) = zy + 2% — 7).

(xiil) yu, + zu, = dry® with u(z,0) = —z* and u(0,y) = 0.

(xiv) yu, + zu, = u with u(z,0) = 2.

(xv) u; + yu, = y* with u(0,y) = siny.

(xvi + yu, = u* with u(0,y) = siny.

(xvii) u, + yu, = v with u(z, 3e*) = 2.

(xvill) u, + yu, = u with u(z,e”) = e”.

(xix) u, + zu, = u with u(1,y) = ¢(y).

(xxi) zu, +u, =0 with u(z,0) = ¢(x).
(xxil) 2u, + yu, = u with u(z, 1) = 2 4+ e~
(xxiil) xu, + yu, = ze~* with u(z,z?) = 0.
(xxiv

xuy — yu, = 0 with u(z, z) = 2*

(xxv

)

)

) u

)

)

)

(xxX) 2y + u, = 3z — u with u(z,0) = arctan z.

)

)

)

)

) €%, 4 zu, = zu? with u(z,0) = e*
)

uum + u, = 1 with w(2r?,2r) = 0 for r > 0. (Answer: No solution for
y? > 4zx).

(xxvi

(xxvil) (y —u)u, + (v — x)uy, =z —y with u(z, 1/z) = 0.
(xxviil) x(y? + w)u, — y(z? + w)u, = (2* — y*)u with u(z, —z) = 1.
(xxix) V1 — z%u, + u, = 0 with u(0,y) = y.
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Ezercise 11. Solve the equation xu, + 2yu, = 0 with u(1,y) = €Y. Does a
solutions exist with data on u(0,y) = ¢g(y) or u(z,0) = h(z)? What happens
to characteristic curves at (0,0)?

Exercise 12. Solve the equation yu, + zu, = 0 with «(0,y) = e~v”. In which
region of the plane is the solution uniquely determined?

Ezercise 13. Solve the equation u, + yu, = 0 with u(z,0) = 1. Also, solve
the equation with u(x,0) = x. If there is no solution, give reasons for non-
existence.

Ezercise 14. (i) Find a complete integral of z(u} +u;) = uu, with u given
on the curve

3:

, = 0 with u given on the curve

(ii) Find a complete integral of 4uu, — u
u(0,7) = 4r.

2.7 Non-smooth Solutions and Shocks

Observe that in the Cauchy problem of Transport equation (2.6.4), suppose
we choose a discontinuous ¢, for instance,

qb(x):{l x>0

0 =<0

then u(x,t) inherits this jump continuity. In applications it is often necessary
to consider such solutions which, by our definition, is not even a differentiable,
hence, not a solution. This demand motivates us to redefine the notion of
solution to accommodate non-smooth solutions. Further, in some quasilinear
situations, eventhough we start with a smooth initial data ¢, jump disconti-
nuity might occur at some positive time ¢. For instance, consider the Burgers’
equation given as

u +uu, =0 r€Rand t e (0,00)
u(z,0) =¢(x) xekR.



CHAPTER 2. FIRST ORDER PDE 58

We parametrize the curve I' with r-variable, i.e., I' = {y(r),7%(r)} =
{(r,0)}. T is non-characteristic, because (u, 1) - (0, ) 1 # 0. The charac-
teristic equations are:

dx(r, s) dt(r, s)
—= Z’
ds

_ 1 and 009

=0
ds ds

with initial conditions,
x(r,0) =r, t(r,0) =0, and z(r,0) = ¢(r).

Solving the ODE corresponding to z, we get z(r,s) = c3(r) with initial
conditions z(r,0) = c3(r) = ¢(r). Thus, z(r,s) = ¢(r). Using this in the
ODE of z, we get
dx(r, s)
ds

= o(r).
Solving the ODE’s, we get

2(r;s) = ¢(r)s + ca(r), t(r,s) = s+ ca(r)
with initial conditions
x(r,0) = ¢1(r) =r and t(r,0) = co(r) = 0.

Therefore,
x(r,s) = ¢(r)s+r, and t(r,s) = s.

Solving r and s, in terms of x, ¢t and z, we get s = t and r = x —zt. Therefore,
u(z,t) = ¢(x — tu) is the solution in the implicit form.

Ezxample 2.40. If the data ¢(z) = ¢, some constant, then u(z,t) = ¢ and the
characteristic curves are t = x/c.

Ezample 2.41. In the Burgers’ equation, suppose we choose the data ¢(x) =

x, then
x

u(z,t) = s

Note that u has a singularity at (0, —1). This can be observed in the following
way: u takes the constant value ¢ along the line ¢ = z/c — 1 and all these
curves intersect at (0, —1) which means w is multiply defined at (0,—1) or,
rather undefined at (0, —1).
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Example 2.42. In the Burgers’ equation, suppose we choose the data ¢ to be
the function

1 z <0
pla)=q1—2 0<z<1
0 x> 1.

Then the characteristic curves are

t+c c<0
r=q(l—-ct 0<c<1
c c>1
Therefore,
1 T <
u(z,t) = 11_Tf t<zx<l1
0 x> 1.

Note that for t < 1 the solution behaves well, but for ¢ > 1, the characteristics
start crossing each other on the line ¢t = z and wu(z,t) takes both 0 and 1 on
the line t = x, for ¢t > 1. This situation is called the shock.

Ezrample 2.43. In the Burgers’ equation, suppose we choose ¢ to be the
function

-1 < -1
ple)y=<z —-1<z<l1
1 1<z
Then the characteristic curves are
—t+c c<-—1

r=qc(t+1) —-1<c<1
t+c 1<e

Therefore,
-1 z+t< -1
u(w,t) =4 2 —(t+1) <z <(t+1)
1 1<x—t.
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Example 2.44. In the Burgers’ equation, suppose we choose ¢ to be the

function

M@:{Ox<0

1 x>0.

Then note that

1 x>t

M%0={0x<0

but there is no information of u on the wedge {0 < x < t}.



Chapter 3

Classification by
Characteristics

A general second order PDE is of the form F (D?*u(z), Du(z),u(zx),z) = 0,
for each z € Q C R" and u : © — R is the unknown. A Cauchy problem
poses the following: Given the knowledge of v on a smooth hypersurface
[' C Q can one find the solution u of the PDE? The knowledge of u on I is
said to be the Cauchy data.

What should be the minimum required Cauchy data for the Cauchy prob-
lem to be solved? Viewing the Cauchy problem as an initial value problem
corresponding to ODE, we know that a unique solution exists to the second
order ODE

y'(x) + P(x)y'(z) + Qa)y(z) =0 wzel

where P and () are continuous on / (assume [ closed interval of R) and for
any point zy € I. This motivates us to define the Cauchy problem for second
order PDE as:

F (D*u(x), Du(z),u(z),z) =0 x €
u(r) =g(z) €T (3.0.1)
Du(x)-v(z) =h(z) ze€Tl

where v is the outward unit normal vector on the hypersurface I' and g, h
are known functions on I'.

61
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3.1 Semilinear

Consider the general second order qausilinear PDE with n independent vari-
able
F(x,u, Du, D*u) := A(z) - D*u — D(Vu,u, ), (3.1.1)

where A = A;; is an n x n matrix with entries A;;(z,u, Vu), D*u is the
Hessian matrix. The dot product in LHS is in R™". Since we demand the
solution to be in C?, the mixed derivatives are equal and we can assume,
without loss generality that, A is symmetric. In fact if A is not symmetric,
we can replace A with A* := (Ag+ A}), which is symmetric since A- D*u =
As - D%y

Let I' C Q be an hypersurface defined implicitly as S(z) = 0 and VS # 0.
Given u and Vu - v on I', can we calculate all other derivatives of v on I'?
To answer this, we map I' to a hyperplane I'y by the map ¢ : ' — I'y with
its components ¢ = (¢1, ¢a, ..., ¢,) such that ¢,(z) = S(z) and Js(z) # 0,
non-zero Jacobian of ¢, for all x € €. For sufficiently regular hypersurfaces
such a mapping exists. Note that I'y is a subset of the hyperplane whose
final coordinate is zero. Let y = ¢(x) and v(y) := u(x). Then

" o6, N
Ug; = E :Uyk oL Uiy = Z Yy o a;pj + Zvyk 8:)3817]
k=1 ! k ’ Z

)

Using the second equation the second order linear PDE becomes

- 8¢k a¢l 82¢k
) Z AZJ axz 8 Vyryr = VU v y Z vayk awiax]j (312)
4,5,k =1 i,k=1
where RHS is all known on I'y. To understand LHS on I'y, note that using
the first equation, vy, (y1,...,yn—1,0), for all & = 1,2,...,n, are known in
I'y. Therefore, we know v,,,,, forall l =1,2,...,n — 1, on I'y because

1
Uykyl(y) = 117,1£>I(1) E[Uyk(yh e Ul + h7 cee 7yn—1a0) - Uyk(ylv oYy e 7yn—170)]‘

We only do not know v,,,, on I'g. Therefore the (3.1.2) can be rewritten as

& Oy, Oy,

E Aijaiaivynyn = terms known on I'y.
x; 0x;

ij=1 B
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Since ¢, () = S(x), we can compute v, ,, if

> Ay(x)S,, Sy, # 0

ij=1
on I'. Note that V.S is the normal to the hypersurface S(x) = 0.

Definition 3.1.1. We say a hypersurface I' C 2 C R™ is non-characteristic
w.r.t (3.1.1) if

Z Aij(z)vi(z)vi(x) # 0.

ij=1
where v(x) is the normal vector of I' at x.

Since any real symmetric matrix can always be diagonalised, there is
a coordinate transformation T'(x) such that the matrix T'(x)A(z)T"(x) is
diagonal with diagonal entries, say Aj, Ag, ..., A,, for each x € Q. Since A(x)
is real symmetric all \; € R, for all <. Thus, we classify PDE at a point
x € ) based on the eigenvalues of the matrix A(z). Let p denote the number
of eigenvalues that are strictly positive and z denote the number of zero
eigenvalues.

Definition 3.1.2. We say a PDE is hyperbolic at a point x € Q, if z =0
and either p=1 orp=mn —1. We say it is parabolic if z > 0. We say it is
elliptic, if z =0 and eitherp=mn orp=0. If z=0and 1 <p <n—1 then
the PDE is said to be ultra hyperbolic.

Note that the elliptic case corresponds to the situation that every hy-
persurface S(z) = 0 with V.S # 0 is non-characteristic corresponding the
elliptic operator, i.e., there are no real characteristics curves. Thus, one can
equivalently define a linear second order PDE to be elliptic at x if

Z Aii(2)&& #0 V6 e R™\ {0}.
ij=1
3.1.1 Semilinear: Two Dimension

Consider the Cauchy problem (3.0.1) in two variables and set © = (z,y). Let
7 denote the unit tangent vector on I'. Then, the directional derivative along
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the tangent vector, Du(z,y) - 7(z,y) = ¢'(x,y) is known because g is known.
Thus, we may compute directional derivative of u in any direction, along I,
as a linear combination of Du -7 and Du - v. Using this we may reformulate

(3.0.1) as

F (D*u, Du,u,x,y) =0 (z,y) € Q
u(z,y) =g(xy) (v,y) €Tl

ul(x y) = h1<$,y) (x,y) el

uy(x,y) :h2<l’,y) (.T,y) el

with the compatibility condition that ¢(s) = hiy1(s) + he2(s), where s —
(71(5),72(s)) is the parametrisation' of the hypersurface I'. The compatibil-
ity condition is an outcome of the fact that

u(s) = uzF1(8) + uya(s).

The above condition implies that among g, hq, ho only two can be assigned
independently.

Consider the Cauchy problem for the second order semi-linear PDE in
two variables (z,y) € Q C R?

Az, y)uge + 2B(x, y)ugy + C(z, 3(4)uyg = D( | Ea:, y; €N
u(z,y) =g(z,y x,y
up(z,y) = hi(z,y) (z,y) € (3.1:3)
uy(z,y) = ha(2,y) (,)eF.

where D(x,y,u, u,, u,) may be non-linear and I" is a smooth? curve in €.
Also, one of the coefficients A, B or C' is identically non-zero (else the PDE
is not of second order). Let s — (71(s),72(s)) be a parametrisation of the
curve I'. Then we have the compatibility condition that

g(s) = hyi(s) + haa(s).

By computing the second derivatives of u on I' and considering g, y,
and ug, as unknowns, we have the linear system of three equations in three
unknowns on I,

Aug, +2Bug, +Cluy, =D
Y1(8) ez +72(8)tay = h1(5>
(S ey +i2(s)uyy = ha(s).
L(1) denotes the derivative with respect to space variable and (-) denotes the derivative

with respect to parameter
2twice differentiable
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This system of equation is solvable if the determinant of the coefficients are
non-zero, i.e.,

A 2B C
o 0 |#0.
0 % %

Definition 3.1.3. We say a curve T C Q C R? is characteristic (w.r.t

(3.1.3)) if
A3 = 2B, + C4F = 0.

where (71(s),72(8)) is a parametrisation of T

Note that the geometry hidden in the above definition is very similar
to that we encountered in first order equation. Since v = (—42,71) is the
normal to I at each point, the above definition says that the curve is non-
characteristic if

2
> Ayvivy = AY; — 2Binde + C47 # 0
ij=1
where Ay = A, Ajg = A9y = B and Ay = C. If y = y(x) is a representation
of the curve ' (locally, if necessary), we have v;(s) = s and v,(s) = y(s).
Then the characteristic equation reduces as

dy 2 dy
Al—=) —2B-= =0.
<dm) dz =0

Therefore, the characteristic curves of (3.1.3) are given by the graphs whose

equation is
dy BEvB?—-AC
dr A '
Thus, we have three situations arising depending on the sign of the dis-
criminant, B> — AC. This classifies the given second order PDE based on
the sign of its discriminant d = B? — AC.

Definition 3.1.4. We say a second order PDE is of
(a) hyperbolic type if d > 0,
(b) parabolic type if d =0 and
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(¢) elliptic type if d < 0.

The hyperbolic PDE have two families of characteristics, parabolic PDE
has one family of characteristic and elliptic PDE have no characteristic. We
caution here that these names are no indication of the shape of the graph
of the solution of the PDE. The classification tells us the right amount of
initial/boundary condition to be imposed for a PDE to be well-posed. For
hyperbolic, which has two real characteristics, requires as many initial con-
dition as the number of characteristics emanating from initial time and as
many boundary conditions as the number of characteristics that pass into the
spatial boundary. For parabolic, which has exactly one real characteristic,
we need one boundary condition at each point of the spatial boundary and
one initial condition at initial time. For elliptic, which has no real charac-
teristic curves, we need one boundary condition at each point of the spatial
boundary.

Note that the classification depends on the determinant of the coefficient

matrix
A B
B C

For every (z,y) € (2, the matrix is symmetric and hence diagonalisable.
If A\, Ay are the diagonal entries, then d = —A;\;. Thus, a equation is
hyperbolic at a point (z,y) if the eigen values have opposite sign. It is ellipic
if the eigenvalues have same sign and is parabolic if, at least, one of the
eigenvalue is zero.

3.2 Quasilinear
All the arguments of semilinear PDE can be carried over to a quasilinear
PDE A(x,u(z), Du(z)). For each specific point xg € Q, u(xg) = ug and Ay =

A(zo, ug, Vu(zg)). The solutions to characteristic equation for a quasilinear
equation depends on the solution considered. Set

U:={(z,z,p) |z € Q,ze R, peR"}.
Definition 3.2.1. A quasilinear equation

A(z,u(z), Du(z)) - D*u(z) = D(z,u(x), Du(z))
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is said to be elliptic if the matriz A;j(x,z,p) is positive definite for each
(x,z,p) € U. Further,

0< oz(:t,z,p)|§|2 < Z Aij<x7zap)§i€j < ,B(ZE,Z,p)|€|2 VS c R™.

i,j=1

The bounds «(x, z,p) and f(zx, z,p) are minimum and maximum eigen-
values, respectively. If 5/« is uniformly bounded in U then PDE is uniformly
elliptic. The interesting thing about uniformly elliptic equation is that they
behave very similar to linear elliptic equations.

FExample 3.1. Consider the minimal surface equation

Vu
V- <—m> = f(z)

where the second order coefficients are

Agi(x,z,p) = (1+ |p|*)~/? (5.. PiP; >

Y1+ pP?
and
B 1 B 1
a(z, z,p) = ENTEEE B(x,z,p) = AR

Thus, the equation is not uniformly elliptic.

The minimal surface equation and the capillary equation are not uni-
formly elliptic.

3.3 Examples

Ezample 3.2 (Wave Equation). For a given ¢ € R, u,, — 2y, = 0 is hyper-
bolic. Since A = —c2, B=0and C = 1, we have d = B2~ AC = ¢? > 0. The
eigen values of the coefficient matrix are 1, —c? which have opposite sign.
Ezample 3.3 (Heat Equation). For a given ¢ € R, u, — cu,, = 0 is parabolic.
Since A = —¢, B =0 and C = 0, thus d = B2 — AC = 0. The eigen values
of the coefficient matrix are 0, —c has a zero eigenvalue.

Example 3.4 (Laplace equation). ., +u,, = 0is elliptic. Since A=1, B =10
and C' =1, thus d = B?> — AC = —1 < 0. The eigen values of the coefficient
matrix are 1,1 which have same sign.
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Ezample 3.5 (Velocity Potential Equation). In the equation (1 — M?)u,, +
Uyy =0, A=(1-=M?), B=0and C =1. Thend = B*— AC = —(1 — M?).
The eigen values of the coefficient matrix are 1 — M?,1. Thus, for M > 1
(opposite sign), the equation is hyperbolic (supersonic flow), for M = 1 (zero
eigenvalue) it is parabolic (sonic flow) and for M < 1 (same sign) it is elliptic
(subsonic flow).

Note that the classification of PDE is dependent on its coefficients. Thus,
for constant coefficients the type of PDE remains unchanged throughout
the region 2. However, for variable coefficients, the PDE may change its
classification from region to region.

Ezxample 3.6. An example is the Tricomi equation , ug, + xu,, = 0. The
discriminant of the Tricomi equation is d = —x. The eigenvalues are 1, .
Thus, tricomi equation is hyperbolic when z < 0, elliptic when z > 0 and
degenerately parabolic when = = 0, i.e., y-axis. Such equations are called
maxed type.

The notion of classification of second order semi-linear PDE, discussed in
this section, could be generalised to quasi-linear, non-linear PDE and system
of ODE. However, in these cases the classification may also depend on the
solution u, as seen in the examples below.

Ezxample 3.7. Consider the quasi-linear PDE w,, — uu,, = 0. The discrimi-
nant is d = u. The eigenvalues are 1, —u(z). It is hyperbolic for {u > 0}?,
elliptic when {u < 0} and parabolic when {u = 0}.

FExample 3.8. Consider the quasi-linear PDE

(62 - Ui)um — 22Uy UyUgy + (02 - U;)Uyy =0

where ¢ > 0. Then d = B> — AC = *(u} + u, — ¢*) = A(|Vul]* — ). It is
hyperbolic if |Vu| > ¢, parabolic if |Vu| = ¢ and elliptic if |Vu| < c.

FExample 3.9. Find the family of characteristic curves for the following second
order PDE, whenever they exist.

(i) For a given ¢ € R, u,, — *uy, = 0.
(ii) For a given ¢ € R, u, — cty, = 0.

(i) py + uyy = 0.

3The notation {u > 0} means {z € Q | u(x) > 0}
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(iv)

Ugg + Ty, = 0.

Solution. (1) We have already seen the equation is hyperbolic and hence

it should have two characteristic curves. The characteristic curves are
given by the equation

dy BEVB?—AC +/&@ 71
dr A =2

Thus, cy £ x = a constant is the equation of the two characteristic
curves. Note that the characteristic curves y = Fx/c+ 1y are boundary
of two cones in R? with vertex at (0,yp).

We have already seen the equation is parabolic and hence it should
have one characteristic curve. The characteristic curve are given by the

equation
dy B++vB?-AC
dr A
Thus, y = a constant is the equation of the characteristic curve. i.e.,
any horizontal line in R? is a charateristic curve.

=0.

We have already seen the equation is elliptic and hence has no real
characteristics.

The equation is of mixed type. In the region x > 0, the characteristic
curves are y F 2032 /3 = a constant.
O

Exercise 15. Classify the following second order PDE in terms of the number
of characteristics:

gy + Ugy + 2uyy = 0.

Usz + Uz + Upp + 2ug + ¢ = 0.

Uy + By + g, = 0.

gy + YUy + TUy + Uy + by, — 4oy = 0.
TUgy + DUy + YUy = 0.

TUgg + YUgy + ¢ = 0.
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(8) T?YUsy + TYUzy — YUy, = 0.

(h) sinzug, + 2 o8 XUy, + sin xuy,, = 0.
(i
(J

) Ugg + AUy + DUy, + uy + 2u, = 0.
) Upy — gy + 4y, + 3u, +4du = 0.
(k) gy + 2ugy — 3uy, + 2u, + 6u, = 0.
1) (14 2)uge + 22yuyy — y*uy,, = 0.
(m) 2uyy — 4ugy + Tuy, —u = 0.
() Upy — 2COS TU,y, — sin? Ly, = 0.
(0) YUaz + 2(x — Dttgy — (y + 2)uy, = 0.
)

(p

Exercise 16. Classify the following second order PDE, in terms of the number
of characteristics, and find their characteristics, when it exists:

2
Ylgy + Upy — T Uy — Uy — u = 0.

3.4 System of First Order PDE

Recall that any second order ODE v = f(z,y,y’) can be equivalently written
as a system of ODE, by using u; = y and uy = ¢/, as follows:

{u’l = Uz
uhy = f(z,ug,us).
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A similar procedure also makes a second order PDE into a system of first
order PDEs. Thus, we expect that our classification of second order PDE to
induce a classification for a system of first order PDE.

A general system of m first order linear PDE in n variables will be of the
form

ZAj(a:, u)u,, = f(r,u) in Q, (3.4.1)
j=1
where each Aj(z,u) is a m x m matrix, u(z) = (u',...,u™) and f =
(f1,- -, fm) has m components. Following the arguments for semilinear PDE

and using the map ¢(z) and v(y) between I' and 'y, we get
Z Aj(r,u)v,, S, = terms known on I
j=1

This system is solvable for v,, if

det (Z Az, u)ij> #0

j=1

on I
Definition 3.4.1. We say a hyperspace I' in R™ is non-characteristic if

det (Z Aj(z,u)y; (x)) # 0

j=1

on I', where v(z) = (v1,...,vy) is the normal at x of T

Definition 3.4.2. The system of first order PDE (3.4.1) is called hyperbolic
if the m X m matrix

> &A;(x,u)
j=1

is diagonalisable for every & = (§;) € R"™ and every x € Q. If the eigen-
values are all distinct, for non-zero & € R™, then the PDE 1s called strictly
hyperbolic.
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Definition 3.4.3. The system of first order PDE (3.4.1) is called elliptic if

det (i Aj(ZL’, ll)gj) =0

only for &€ = 0.

Ezample 3.10 (Beltrami Equations). Consider the system of first order equa-
tions

{ Wz, y)us(z,y) — bz, y)ve(z,y) — c(z,y)v,(z,y) = 0
Wz, y)uy(z,y) + a(z,y)v.(z,y) + b(z,y)vy(z,y) = 0

where W, a, b, c are given such that W # 0 and the matrix

a b
b c
is positive definite. Set

W  —b 0 -—c
s L) mm(w ).

Then the system can be rewritten as
Uy, uy \ (0
() ()= (o)
Then
- ) o W& —b& — &
det (;Aj(x, u)gj) = We ae 4 e,

if £ # 0. Therefore, the Beltrami equation is elliptic. The Beltrami system
is a generalization of the Cauchy-Riemann equations.

= W(a&} + 2068 + c&3) # 0

3.5 System of Second Order PDE

A general system of m second order linear PDE in n variables will be of the
form

Z Ajj(r,u, Vu)u,,,, + lower order terms =0 in €, (3.5.1)

1,j=1
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where each A;; is a m x m matrix and u(x) = (u',...,u™). Following the
arguments for semilinear PDE and using the map ¢(x) and v(y) between T’
and I'y, we get

n
Z Aij(z,u,Vu)vy,,, Sz, S:; = terms known on I'.

1,7=1

Definition 3.5.1. The system is called elliptic if

ij=1

only for & = 0.

3.6 Invariance of Discriminant

The classification of second order semi-linear PDE is based on the discrimi-
nant B? — AC. In this section, we note that the classification is independent
of the choice of coordinate system (to represent a PDE). Consider the two-
variable semilinear PDE

Az, y)upe+2B(x, y)ugy+C (2, y)uy, = D(x,y,u,uzs, uy)  (x,y) € Q2 (3.6.1)

where the variables (z,y, u, u,, u,) may appear non-linearly in D and 2 C R,
Also, one of the coefficients A, B or C'is identically non-zero (else the PDE is
not of second order). We shall observe how (3.6.1) changes under coordinate
transformation.

Definition 3.6.1. For any PDE of the form (3.6.1) we define its discrimi-
nant as B2 — AC.

Let T : R? — R? be the coordinate transformation with components
T = (w,z), where w, 2 : R* — R. We assume that w(x,y), z(z,y) are such
that w, z are both continuous and twice differentiable w.r.t (z,y), and the
Jacobian J of T' is non-zero,

£ 0.
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We compute the derivatives of u in the new variable,

Uy = UpWy + Uy 2y,
Uy = UyWy + Uy 2y,
Ugy = uwwwi + 2uwzwx2x + uzzzz + U Waz + Uz Zgy
Uyy = uwwwz + 20Uy Wy 2y + uzzzi F Uy Wyy + Uz Zyy
Upy = UpWaly + Uy (We2y + WyZy) + Usr 202y + Uy Wy + Uy Zay

Substituting above equations in (3.6.1), we get
a(w, 2) Uy + 20(W, 2) Uy, + c(w, 2)u,, = d(w, 2, U, Uy, u,).

where D transforms in to d and

a(w,z) = Aw}+ 2Bw,w, + Cw,, (3.6.2)
bw,z) = Awyzy + B(wyzy + wyzy) + Cwyz, (3.6.3)
c(w,z) = Azl +2Bzz,+Cz]. (3.6.4)

Note that the coefficients in the new coordinate system satisfy
b —ac = (B* — AC)J>.
Since J # 0, we have J? > 0. Thus, both b*> — ac and B* — AC have the

same sign. Thus, the sign of the discriminant is invariant under coordinate
transformation. All the above arguments can be carried over to quasi-linear
and non-linear PDE.

3.7 Standard or Canonical Forms

The advantage of above classification helps us in reducing a given PDE into
simple forms. Given a PDE, one can compute the sign of the discriminant
and depending on its clasification we can choose a coordinate transformation
(w, ) such that

(i) For hyperbolic,a =c=0o0r b=0 and a = —c.

(ii) For parabolic, ¢ = b = 0 or @ = b = 0. We conveniently choose
¢ = b = 0 situation so that a # 0 (so that division by zero is avoided in
the equation for characteristic curves).
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(iii) For elliptic, b =0 and a = c.

If the given second order PDE (3.6.1) is such that A = C' = 0, then
(3.6.1) is of hyperbolic type and a division by 2B (since B # 0) gives

Ugy = D(x,y,u,ux,uy)

where D = D /2B. The above form is the first standard form of second order
hyperbolic equation. If we introduce the linear change of variable X = x4y

and Y = x — y in the first standard form, we get the second standard form
of hyperbolic PDE

Uxx — Uyy = b(X7 Y, u, ux, uy).
If the given second order PDE (3.6.1) is such that A = B = 0, then
(3.6.1) is of parabolic type and a division by C' (since C' # 0) gives

Uyy = D(z,y, u, ug, Uy)

where D = D/C. The above form is the standard form of second order
parabolic equation.

If the given second order PDE (3.6.1) is such that A = C' and B = 0,
then (3.6.1) is of elliptic type and a division by A (since A # 0) gives

Uy + Uyy = D(, Y, U, Uy, uy)

where D = D/A. The above form is the standard form of second order
elliptic equation.

Note that the standard forms of the PDE is an expression with no mixed
derivatives.

3.8 Reduction to Standard Form

Consider the second order semi-linear PDE (3.6.1) not in standard form. We
look for transformation w = w(x,y) and z = z(z,y), with non-vanishing
Jacobian, such that the reduced form is the standard form.

If B2 — AC > 0, we have two characteristics. We are looking for the
coordinate system w and z such that a = ¢ = 0. This implies from equation
(3.6.2) and (3.6.4) that we need to find w and z such that

%_—Bi\/BQ—AC'_ﬁ

wy A 2y
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Therefore, we need to find w and z such that along the slopes of the charac-

teristic curves,
dy B++vB?>—AC —w,
dr A ow,
This means that, using the parametrisation of the characteristic curves,
w1 (s) + wyye(s) = 0 and w(s) = 0. Similarly for z. Thus, w and z
are chosen such that they are constant on the characteristic curves.
The characteristic curves are found by solving

@_Bi\/BQ—AC
dr A

Y

and the coordinates are then chosen such that along the characteristic curve
w(z,y) = a constant and z(x,y) = a constant. Note that w,z, — wyz, =
Wy 2y (%\/ B? — AC) # 0.

Ezxample 3.11. Let us reduce the PDE u,, — c2uyy = (0 to its canonical form.
Note that A =1, B =0, C = —c¢? and B? — AC = ¢? and the equation is
hyperbolic. The characteristic curves are given by the equation

dy B+VBE—AC

w9 Le.
dz A ¢

Solving we get y F cx = a constant. Thus, w =y + cx and 2z = y — cx. Now
writing

2 2
Ugy = UywW, + 2uwzwxzz + Uzz 2y + Uy Wy + Uz Zyy

Cz(uww - 2uwz + uzz)

_ 2 2
Uy = UpwWy + 2UyWyZy + UszzZy + Uy Wyy + Uz Zyy

Uy + 2uwz + Uz

_02 (uww + 2uwz + uzz)

2
—C Uy
Substituting into the given PDE, we get

0 = 4cuy,

Uz -

Ezample 3.12. Let us reduce the PDE u,, — #*yu,, = 0 given in the region
{(z,y) | = € R,z # 0,y > 0} to its canonical form. Note that A =1, B =0,
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C = —2%y and B? — AC = 2%y. In the given region 2%y > 0, hence the
equation is hyperbolic. The characteristic curves are given by the equation
d B+ vB?2 - AC
& = +z./vy.
dx A
Solving we get 2%/2 F 2,/y = a constant. Thus, w = 2?/2 4+ 2,/y and
z=2?/2 —2,/y. Now writing

Up = UpWy + UyZy = T(Uy + uy)
1
Uy = UpyWy + Uyzy = ﬁ(uw —u,)
Upye = uwwwi + 2uwzw:czz + uzzzi + Uy Wy g + Uz Zya
- xz(uww + 2y, + uzz) + Uy + U,
Uyy = uwwwz + 20Uy Wy 2y + uzzz; F Uy Wy + Uz Zyy
1 1
- _(uww - 2uwz + uzz) - —(uw - uz)
Yy 29y
2 2 2?
—T YUy = —T (U — 2Upz + Uszz) + 2\/g(uw —u,)

Substituting into the given PDE, we get

2.y + 2 2,/y — x*
RN RN s
2\/y 2,/y
= 8%\ /YUw, + (7 + 2/Y)uw + (2/y — 2°)u..
Note that w + z = 22 and w — z = 4,/y. Now, substituting z,y in terms of
w, z, we get

0 = 2(w2—22)uwz+(w+z+¥>uw+(u—w—z)uz

. 3w+ z w+ 3z 0
= Uyz 5 o | Uw — 5 o | Uz

4(w? — 22) 4(w? — 22)
Ezample 3.13. Let us reduce the PDE u,, + ugy — 2uy, +1 = 0 given in the
region {(x,y) | 0 < z < 1,y > 0} to its canonical form. Note that A = 1,
B=1/2,C = -2and B>~ AC = 9/4 > 0. Hence the equation is hyperbolic.
The characteristic curves are given by the equation

dy BEvB*-AC 1 3

_ 242 9o 1.
dz A 9T Y

0 = 42%u,. U,
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Solving we get y —2x = a constant and y+x = a constant. Thus, w = y—2x
and z =y + x.

In the parabolic case, B> — AC = 0, we have a single characteristic. We
are looking for a coordinate system such that either b = ¢ = 0.
Ezample 3.14. Let us reduce the PDE e**u,, + 2" Yu,, + ¢*u,, = 0 to its
canonical form. Note that A = e?*, B = e*¥, C' = % and B? — AC = 0.
The PDE is parabolic. The characteristic curves are given by the equation

dy B ¢eY

dr A e
Solving, we get e™¥ — e~ = a constant. Thus, w = e™¥ — e™*. Now, we
choose z such that w,z, — w,z, # 0. For instance, z = z is one such choice.

Then

T

Uy = € “Uy + Uy

Uy = —€ YUy,
Upey = € Uy +2€ TUys + Usy — € Uy
Uy = € YUy + € Yy
Uy = —€ (€ Uy — Uppy)

Substituting into the given PDE, we get
e Vu,, = (67 — e Uy

Replacing x,y in terms of w, z gives
w

Uy =
1 + we?

Uy -

Example 3.15. Let us reduce the PDE y?u,, — 2xYUgy + a:zuyy = ﬁ(y‘guz +

23u,) to its canonical form. Note that A = y*, B = —ay, C' = 2? and
B? — AC = 0. The PDE is parabolic. The characteristic curves are given by

the equation

dy B —x

dr ~ Ay
Solving, we get 22 + y? = a constant. Thus, w = 2% + y?. Now, we choose z
such that w,z, — wyz, # 0. For instance, z = z is one such choice. Then

Uy = 23Uy + Uy

Uy = 2YUy
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In the elliptic case, B2 — AC' < 0, we have no real characteristics. Thus,
we choose w,z to be the real and imaginary part of the solution of the
characteristic equation.

Ezample 3.16. Let us reduce the PDE z*u,, + y*u,, = 0 given in the region
{(z,y) € R* | z > 0,y > 0} to its canonical form. Note that A = 22,
B=0,C=y?and B?> - AC = —22y? < 0. The PDE is elliptic. Solving the
characteristic equation ; .
Y Ly
A
we get Inx +ilny =c. Let w =Inz and 2z = Iny. Then

Uy = Uy/x

uy = u/y
Uy = —Uw/l'Q + wa/ZL’Q
Uy = Uy’ + ..y’

Substituting into the PDE, we get
Uy T Uy = Uy + U,

Ezample 3.17. Let us reduce the PDE g, 424, +5u,, = 2u, to its canonical
form. Note that A=1, B=1,C =5 and B?> — AC = —4 < 0. The PDE is
elliptic. The characteristic equation is

dy ,
i 1+ 2i.
Solving we get © — y 122 = ¢. Let w = x — y and z = 2x. Then
Uy = Uy + 2u,
Uy = —Uy
Upe = Uy + AUy, + 4,
Uyy = Upw
Uy = — (U + 2Uyy)

Substituting into the PDE, we get
U + Uzy = T(Uy + 2u,) /4.
Replacing x,y in terms of w, z gives

Uy + Uz = g(uw + 2uz)
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Ezample 3.18. Let us reduce the PDE u,, + uyy + uy, = 0 to its canonical
form. Note that A =1, B=1/2, C =1 and B> — AC = —3/4 < 0. The
PDE is elliptic. Solving the characteristic equation

d 1
dy 1, .\3

dr 27 2
we get, 2y:xj:i\/§x+c. Letw:2y—xandz:\/§x.
FExercise 17. Rewrite the PDE in their canonical forms and solve them.
() Ugy + 2\/§uxy + Uy =0
(b) 2%Upy — 22YUgy + Y2ty + Ty + yu, =0
(¢) Ugy — (28In2) Uy, — (cos® 2)uy, — (cosz)u, =0
)

(d) gy + 4ugy + 4duy, =0



Chapter 4

Wave Equation

4.1 One Dimension

The one dimensional wave equation is the first ever partial differential equa-
tion (PDE) to be studied by mankind, introduced in 1752 by d’Alembert as
a model to study vibrating strings. He introduced the one dimensional wave
equation

Pu(x,t)  Pulx,t)
o2 Ox2
d’Alembert used the travelling wave technique to solve the wave equation.
In this chapter we shall explain this technique of d’Alembert and also give
the standing wave technique which motivates the idea of separation of vari-
able and in turn the evolution of Fourier series. The wave equations was
generalised to two and three dimensions by Euler (1759) and D. Bernoulli
(1762), respectively. Note the invariance of the wave equation under the
transformation ¢ — —t, i.e., if u(x,t) is a solution to the wave equation for
t >0, then 4(xz,t) := u(z, 7) is a solution of the wave equation for ¢ < 0 and
T := —t > 0, because dr/dt = —1, uy(x,t) = —u,(z,7). This means that
wave equation is reversible in time and do not distinguish between past and
future.

4.1.1 The Vibrating String: Derivation

Let us consider a homogeneous string of length L, stretched along the z-axis,
with one end fixed at x = 0 and the other end fixed at x = L. We assume
that the string is free to move only in the vertical direction. Let p > 0 denote

81



CHAPTER 4. WAVE EQUATION 82

the density of the string and 7" > 0 denote the coefficient of tension of the
string. Let u(z,t) denote the vertical displacement of the string at the point
x and time t.

We shall imagine the string of length L as system of N objects, for N
sufficiently large. Think of N objects sitting on the string L at equidistant
(uniformly distributed). The position of the n-th object on the string is
given by x,, = nL/N. One can think of the vibrating string as the harmonic
oscillator of N objects governed by the tension on the string (which behaves
like the spring). Let y,,(t) = u(x,,t) denote the displacement of the object z,,
at time t. The distance between any two successive objects is h = x, 11 —x, =
L/N. Then mass of each of the N object is mass of the string divided by N.
Since mass of the string is px L, mass of each of the object z,,, n = 1,2,..., N,
is ph. Thus, by Newton’s second law, phy/(t) is same as the force acting on
the n-th object. The force on z,, is coming both from left (z,,—1) and right
(Zn41) side. The force from left and right is given as T(y,—1 — y,)/h and
T(Yn+1 — Yn)/h, respectively. Therefore,

phyll(t) = % {Wn1(t) + yn-1(t) — 2y (1)}

— % {u(x, + h,t) + u(x, — h,t) — 2u(z,,t)}

" B Z u(zy, + h,t) +u(x, — h,t) — 2u(z,,t)
lt) = p < h? )

Note that assuming u is twice differentiable w.r.t the x variable, the term
on RHS is same as
1 (u(:vn + h,t) —u(x,,t) N u(x, — h,t) — u(:vn,t))
ph h h

which converges to the second partial derivative of u w.r.t z as h — 0. The
h — 0 is the limit case of the N objects we started with. Therefore the
vibrating string system is governed by the equation

Pu T du
otz pox2
where T is the tension and p is the density of the string. Equivalently,
*u 0%
— == 4.1.1
a2~ ¢ 0a? ( )

where ¢2 =T /p, ¢ >0, on x € (0,L) and t > 0.
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Ezercise 18. Show that the wave equation (4.1.1), derived above can be
written as
Usy = Uy I (W, 2) € (0,L) % (0,00).

under a new coordinate system (w,z). One may, in fact choose coordinate
such that the string is fixed between (0, 7).

Proof. Set w = x/a and z = t/b, where a and b will be chosen appropriately.
Then, w, = 1/a and z; = 1/b. Therefore, u, = uy/a, us = u. /b, A*Upy = Uppeo
and b*uy; = u... Choosing a = 1 and b = 1/c. Choosing a = L/7 and
b = L/cm makes the domain (0, 7). O

4.1.2 Travelling Waves

Consider the wave equation u; = c?ug, on R X (0, 00), describing the vibra-
tion of an infinite string. We have already seen in Chapter 3 that the equation
is hyperbolic and has the two characteristics x 4+ ct= a constant. Introduce
the new coordinates w = z + ct, z = x — ¢t and set u(w, z) = u(x,t). Thus,
we have the following relations, using chain rule:

Uy = UyWz + Uz Zy = Uy + Uy
Up = UpWy + Uy 2p = (U — Uy)
Ugr = Upw T 2uzw + Uy,

U = 02 (uww - 2uzw + uzz)

In the new coordinates, the wave equation satisfies w,,, = 0. Integrating’
this twice, we have u(w, z) = F(w) + G(z), for some arbitrary functions F
and G. Thus, u(x,t) = F(x + ct) + G(x — ct) is a general solution of the
wave equation.

Consider the case where G is chosen to be zero function. Then u(z,t) =
F(x+ct) solves the wave equation. At t = 0, the solution is simply the graph
of F' and at t = t the solution is the graph of F' with origin translated to the
left by cto. Similarly, choosing F' = 0 and G = F, we have u(z,t) = F(x —ct)
also solves wave equation and at time t is the translation to the right of the
graph of F' by ct. This motivates the name “travelling waves” and “wave
equation”. The graph of F is shifted to right or left with a speed of c.

'We are assuming the function is integrable, which may be false
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Now that we have derived the general form of the solution of wave equa-
tion, we return to understand the physical system of a vibrating infinite
string. The initial shape (position at initial time ¢ = 0) of the string is given
as u(z,0) = g(z), where the graph of g on R? describes the shape of the
string. Since we need one more data to identify the arbitrary functions, we
also prescribe the initial velocity of the string, u:(x,0) = h(x).

Another interesting property that follows from the general solution is
that for any four points A, B,C and D that form a rectangle bounded by
characteristic curves in R x R* then u(A) + u(C) = u(B) + u(D) because
uw(A) = F(a)+G(B), u(C) = F(v)+G(9), w(B) = F(a) + G(0) and u(D) =
F(3) +G(8).

Theorem 4.1.1. Given g € C*(R) and h € C'(R), there is a unique C?
solution u of the Cauchy initial value problem (IVP) of the wave equation,

0 in R x (0, 00)
glx) mR (4.1.2)
h(z) in R,

gt (2,1) — gy (7, t)

u(z,0)
us(x,0)

which is given by the d’Alembert’s formula

1 x+ct

u(z,t) = 5 (g(x+ct) + g(xz —ct)) + % / h(y) dy. (4.1.3)
T—ct

Proof. The general solution is u(z,t) = F(x + ct) + G(z — ct) with F,G €

C?(R). Using the initial position we get
F(z)+ G(z) = g(x).

Thus, g should be C%*(R). Now, us(z,t) = c¢(F'(w) — G'(z)) and putting
t =0, we get
1
F'(z) —G'(z) = Eh(x)
Thus, h should be C*(R). Now solving for F’ and G’, we get 2F'(z) =
g (x) + h(z)/c. Similarly, 2G'(x) = ¢'(z) — h(z)/c. Integrating” both these
equations, we get

P = (s + % [ har)

2assuming they are integrable and the integral of their derivatives is itself
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" Gla) = 5 (g<x> -2 / " h(y) dy> to

Since F(z)+ G(x) = g(x), we get ¢; + co = 0. Therefore, the solution to the
wave equation is given by (4.1.3). O

Aliter. Let us derive the d’Alembert’s formula in an alternate way. Note
that the wave equation can be factored as

9 ON(9 9N P —0
ot " ox )\t~ Cop )t T M T C e T T

We set v(z,t) = (& — ¢2) u(z,t) and hence
ve(z,t) + cvg(z,t) =0 in R x (0, 00).

Notice that the above first order PDE obtained is in the form of homogeneous
linear transport equation (cf. (2.2.1)), which we have already solved. Hence,
for some smooth function ¢,

v(x,t) = ¢(x — ct)

and ¢(z) := v(x,0). Using v in the original equation, we get the inhomoge-
neous transport equation,

w(z,t) — cug(z,t) = ¢z — ct).

Recall the formula for inhomogenoeus transport equation (cf. (2.2.2))

u(z,t) = g(x — at) + /0 o(x —alt —s),s)ds.

Since u(z,0) = g(z) and a = —¢, in our case the solution reduces to,
¢
u(z,t) = glz+ct)+ / o(x +c(t —s) —cs)ds
0

= g(g;+ct)—|—/t¢(a:+ct—2cs)ds
0

L e

= £+
glotet)+ 2¢ Jytet

-

= t) 4+ —
g(gs+c)+26 y
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But ¢(z) = v(z,0) = w(z,0) — cuy(x,0) = h(x) — c¢g’(z) and substituting
this in the formula for u, we get

wat) = gleet g [ ()~ o) dy

= gla+ct) + 5 (glr —ct) — gl + cf)

1 x+ct

t 9

h(y) dy

r—ct

1 z+ct
/ h(y) dy

(9 —et) +g(e+et) +5 |

N | —

For ¢ = 1, the d’Alembert’s formula takes the form

we.t) = 3 ate =) +ola+ ) +3 [ by

DN | —

A useful observation from the d’Alembert’s formula is that the regularity of
u is same as the regularity of its initial value g.

Theorem 4.1.2 (Dirichlet Condition). Given g € C?[0,00), h € C*[0,00)
and ¢ € C*(0,00), there is a unique C* solution u of the homogeneous Cauchy
initial value problem (IVP) of the wave equation,

ug(z,t) — cQum((:c,g = 0( | in E(()), oo)) x (0, 00)
ut(x: 0) ; g(x) in [0: 00) (4.14)
u(0,t) =o(t) in (0,00),

where ¢, g, h satisfies the compatibility condition
9(0) = ¢(0), g"(0) = ¢"(0), h(0) = ¢(0).

Proof. We first consider case ¢ = 0, homogeneous Dirichlet conditions. We
extend g as an odd function on (—oo,00) by setting g(—x) = —g(x) for
x € [0,00). Therefore, g is an odd function in R. Then, we have a unique
solution u € C? solving the Cauchy problem in R x (0,00). But note that
v(x,t) = —u(—=z,t) is also a solution to the same Cauchy problem. Thus,
u(z,t) = —u(—=z,t) for all (x,t) € R x RT and u(0,t) = 0.
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Now, we consider the case when ¢ is a non-zero function. The line ¢t = x
divides the quadrant in to two regions €2; and €2y defined as

Q ={(z,t) | x > ct}

and
Qo = {(x,t) | x < ct}.

For (z,t) € Qy, the solution

uy(z,t) = = (g(x — ct) + g(x + ct)) + — /Hd h(y) dy.

20 r—ct

N | —

On the line x = ct, we get

(@) = wi(w,2/c) = = (9(0) + 9(20)) + = / “hly) dy.

2c

DO | —

Let uy be the solution in 2y of

g (2,1) — Puge(z,t) =0 in Q
u(z,xz/c) =x(z) in{x=ct}
u(0,t) =o¢(t) in (0,00).

Fix A := (z,t) € Q. One of the characteristic curve through A intersects
t-axis at B := (0,t — x/c). The other characteristic curve intersects the
line ¢t =z at C := (1/2(ct + x,t + x/c). The characteristic curve through
B intersects ¢t = x at D := 1/2(ct — x,t — z/c). The four points form a
parallelogram in €. Therefore, we know that

ug(z,t) + ua(1/2(ct — x,t —x/c)) = ua(0,t — x/c) + ua(1/2(ct + z,t + z/c))
and, hence,
ug(w,t) = ot —x/c) + x(1/2(ct + x)) — x(1/2(ct - x))

1 ct+x
= ot =a/0)+ 5 0O gt + )+ 5o [ hdy

560 +gct -0 -3 [ hay

ct+x

= ot —a/e)+ 5 (alet +2) ~ g(ct ) + 5 [ hlw)d.

ct—x
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By setting
t t) e Q
U(l’,t) _ ul(xv ) (37, ) 1
UQ(ZE',t) (ZE,t) E£)2
and the fact that alll derivatives of u are continuous along ct = x line, due
to the compatibility condition implies that u is a solution (4.1.4). O

Corollary 4.1.3 (Dirichlet Condition). Given g € C?[0, L], h € C*[0, L] and
¢, € C?*(0,00), there is a unique C? solution u of the homogeneous Cauchy
initial value problem (IVP) of the wave equation,

gt (2, 1) — PUge(x,t) =0 in (0, L) x (0, 00)

u(z,0) =g(x) in|0,L]

u(z,0) =h(z) inl0,L] (4.1.5)
u(0,t) =o¢(t) in (0,00)

u(L,t) =) n (0,00),

where ¢, g, h satisfies the compatibility condition
9(0) = ¢(0), g"(0) = ¢"(0), h(0) = ¢'(0)

and
g9(L) = (0),¢"(L) = ¢"(0), h(L) = ¢'(0).

Proof. We first consider case ¢ = ¢ = 0, homogeneous Dirichlet conditions.
We extend g as an odd function on [—L, L] by setting g(—z) = —g(x) for
x € [0,L]. Therefore, g is an odd 2L-periodic function in R. Similarly,
we extend h and we have g € C*(R) and h € C'(R). Then, we have a
unique solution v € C? solving the Cauchy problem in R x (0,00). But
note that v(z,t) = —u(—=x,t) is also a solution to the same Cauchy problem.
Thus, u(z,t) = —u(—=x,t) for all (z,t) € R x RT and w(0,¢) = 0. Similarly,
w(z,t) = —u(2L — x,t) is also a solution and, hence, u(x,t) = —u(2L — x,t)
which implies u(L,t) = 0.

Consider the lines ¢t = x and ¢t = —x + cL, then we will obtain v in the
four regions as uy, us, uz and uy. Then follow the idea similar to proof in
above theorem. O

4.1.3 Domain of Dependence and Influence

Note that the solution u(z,t) depends only on the interval [z — ct, z + ct]
because g takes values only on the end-points of this interval and h takes
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values between this interval. The interval [x — ct, z + ct] is called the domain
of dependence. Thus, the region of R x (0, 00) on which the value of u(zx,t)
depends forms a triangle with base [x — ¢t, z + ct] and vertex at (x,t). The
domain of dependence of (x,t) is marked in z-axis by the characteristic curves
passing through (z,1).

Given a point p on the z-axis what values of u on (x,t) will depend on
the value of g(p) and h(p). This region turns out to be a cone with vertex
at p and is called the domain of influence. The domain of influence is the
region bounded by the characteristic curves passing through p.

If the initial data g and h are supported in the interval B, (R) then the
solution w at (z,t) is supported in the region B, (R + ct). Consequently, if ¢
and h have compact support then the solution u has compact support in R
for all time ¢ > 0. This phenomenon is called the finite speed of propagation.

Theorem 4.1.4 (Inhomogeneous Wave Equation). Given g € C*(R), h €
CY(R) and f € CY(R x [0,00), there is a unique C? solution u of the inho-
mogeneous Cauchy initial value problem (IVP) of the wave equation,

g (2,1) — Cuge(x,t) = f(z,t) in R x (0,00)
u(z,0) =g(x) in R (4.1.6)
(x,0) = h(x) in R,

given by the formula

9z + ) + gl — ct)] + o

N[ —

z+ct t  prxtc(t—s)
/ h(y) dy+/ / fy,s)dyds)| .
x—ct 0 Jax—c(t—s)

Proof. Fix (z,t) € R x RT. Consider the open triangle in R x R* with
vertices (z,t), (x — ct,0) and (z + ct,0), and denote it by T'(x,t). Thus,

T(e,t) = {(y,5) ER xR | |y —a| < et — )}.
The boundary of the triangle 97'(x,t) consists of three parts
To ={(y,0) |z —ct <y <z + ct},

Ty :={(y,s) e Rx (0,t) | cs+y=x+ct}

and
T :={(y,s) e Rx (0,t) | cs —y = —x + ct}.
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The unit outward normal at each point of the boundary 97T (x,t) is given by
v = (11, 12) defined as

(0,—1) (y,s) € Ty
V(y78) - m(l C) (y,s) € T+
m( l,e) (y,s)€T_.

Therefore, by Gauss divergence theorem (cf. (D.0.1))

[ stwsrdpds = [ fuals) - )] dyds
T(xt) T(w,t)

= / [U,tl/z — CQle/l} do
AT (z,1)

= / [utug - c2uxl/1} d0+/ [UtVQ —CQUxVJ do
To

Ty

+/ [utl/g — 02ux1/1} do

x+ct c
= — u(y,0) dy + / Uy — Cuy| do
| w0+ = [ e

u + cuy] do

el

Note that the second and third integral are just the direction derivatives of
u along the direction (1,¢) and (—1,¢) in the line 7 and 7", respectively.
Therefore, we have

T+ct
/ f((y,8)dyds = —/ h(y) dy + cu(z,t) — cu(z + ct,0)
T(x,t) r—ct
+cu(x,t) —u(x — ct,0)]
1
u(z,t) = 5 lg(z 4+ ct) + g(x — ct)]

1 CH-Ct Ttc(t— s)

+5- / y) dy +/ / s)dyds| .
2c x—ct z—c(t—s)

]
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Aliter. We introduce a new function v defined as v(x,t) = u(z, t) and rewrite
(4.1.6) as
U'(x,t) + AU (x,t) = F(x,t)

where U = (u,v), F'= (0, f) and

0 -1
A=
(ot )

with the initial condition G(z) := U(z,0) = (g(x),h(z)). The solution
U(z,t) is given as (cf. Appendix G)

Uz, t) = S(t)G(x) + /0 S(t—s)F(s)ds

where S(t) is a solution operator of the homoegeneous system of first order
PDE. Therefore, by d’Alembert’s formula,

N Lol +ct) + glo — b)) + 5[5 h(y) dy
S(t)(g, h) = ( Sl (x+ct)—g'(x—ct)] + % [h(z + ct) + h(x — ct)] )

and, hence, u(z,t) has the required represenation. O

4.1.4 Standing Waves: Separation of Variable

Recall the set-up of the vibrating string given by the equation uy; = ug,,
we have normalised the constant c. Initially at time ¢, let us say the string
has the shape of the graph of v, i.e., u(x,0) = v(x). The snapshot of the
vibrating string at each time are called the “standing waves”. The shape of
the string at time ¢, can be thought of as some factor (depending on time)
of v. This observation motivates the idea of “separation of variable”, i.e.,
u(z,t) = v(x)w(t), where w(t) is the factor depending on time, which scales
v at time ¢ to fit with the shape of u(x,t).
The fact that endpoints are fixed is given by the boundary condition

u(0,t) = u(L,t) = 0.

We are also given the initial position u(x,0) = g(x) (at time ¢ = 0) and initial
velocity of the string at time ¢ = 0, w(2,0) = h(x). Given g,h : [0,L] — R
such that ¢(0) = ¢g(L) = 0 and h(0) = h(L), we need to solve the initial value
problem (4.1.5) with ¢ = ¢ = 0.
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Let us seek for solutions wu(z,t) whose variables can be separated. Let
u(z,t) = v(x)w(t). Differentiating and substituting in the wave equation, we
get

v(x)w” (t) = A" (2)w(t)
Hence
U)”(t) B ’U”(x)
cw(t)  wv(r)

Since RHS is a function of x and LHS is a function ¢, they must equal a

constant, say A. Thus,
U”(Qf) w//(t)
= =\
v(x)  Awl(t)

Using the boundary condition u(0,t) = u(L,t) = 0, we get
v(0)w(t) = v(L)w(t) = 0.
If w =0, then v = 0 and this cannot be a solution to (4.1.5). Hence, w # 0

and v(0) = v(L) = 0. Thus, we need to solve the eigen value problem for the
second order differential operator.

v(0) ; v(L

S~——
|
o

Note that the A can be either zero, positive or negative. If A = 0, then
v"” = 0 and the general solution is v(x) = ax + 3, for some constants o and
B. Since v(0) = 0, we get 5 =0, and v(L) = 0 and L # 0 implies that o = 0.
Thus, v = 0 and hence u = 0. But, this cannot be a solution to (4.1.5).

If A >0, then v(z) = eV 4 Be=VAr Equivalently,

v(z) = ¢; cosh(VAz) + ¢, sinh(VAz)

such that o = (¢1+¢2)/2 and 5 = (¢; — ¢2)/2. Using the boundary condition
v(0) = 0, we get ¢; = 0 and hence

v(z) = ¢y sinh(VAx).

Now using v(L) = 0, we have ¢y sinh v/ AL = 0. Thus, ¢; = 0 and v(z) = 0.
We have seen this cannot be a solution.
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Finally, if A < 0, then set w = +/—X. We need to solve the simple
harmonic oscillator problem

{ V' (z) + wu(z) =0 e (0,L)
v(0) =v(L) =0.

The general solution is
v(x) = acos(wr) + Fsin(wz).

Using v(0) = 0, we get @« = 0 and hence v(z) = fsin(wz). Now using
v(L) = 0, we have sinwl = 0. Thus, either § = 0 or sinwL = 0. But
B = 0 does not yield a solution. Hence wL = km or w = kn/L, for all non-
zero k € Z. Since w > 0, we can consider only k£ € N. Hence, for each k € N,
there is a solution (v, \g) for the eigen value problem with

(o) = dsin (177,

for some constant by, and A\, = —(k7/L)?. Tt now remains to solve w for each
of these \. For each k € N, we solve for wy in the ODE
wy(t) + (ckm/L)*wy(t) = 0.

The general solution is

(1) = ckmt s ckmt
Wi = Qf COS I L S1N I .

For each k£ € N, we have

(2.1) ckmt s ckmt . /mr_a:
up(x,t) = |ay cos 7 % SIn 7 sin 7

for some constants a, and by. The situation corresponding to k = 1 is called
the fundamental mode and the frequency of the fundamental mode is

Ler ¢ /T/p

2r L 2L 2L °
The frequency of higher modes are integer multiples of the fundamental fre-
quency.
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The general solution of (4.1.5), by principle of superposition, is

- kmt ket L
u(z,t) = Z {ak cos (%) + by sin (05 >] sin (%) i

k=1

Note that the solution is expressed as series, which raises the question of
convergence of the series. Another concern is whether all solutions of (4.1.5)
have this form. We ignore these two concerns at this moment.

Since we know the initial position of the string as the graph of g, we get

9(x) = u(z,0) = f: a sin ('“%3) .

k=1
This expression is again troubling and rises the question: Can any arbitrary
function g be expressed as an infinite sum of trigonometric functions? An-
swering this question led to the study of “Fourier series”. Let us also, as

usual, ignore this concern for time being. Then, can we find the the con-
lrx

stants a; with knowledge of g. By multiplying sin (T) both sides of the
expression of g and integrating from 0 to L, we get

L L %)
/0 g(x)sin (%) dr = /0 Lz:; ay, sin (?)] sin (Z%E) dx
= ia /Lsin ke sin I dx
- k=1 e L L

Therefore, the constants a; are given as

_E/L()inkﬂ_x
ak—LOgazs Tk

Finally, by differentiating v w.r.t t, we get

= ck knt knt k
ut(x,t)—Z%{bkcoscg —aksincglsin<%).
k=1

Employing similar arguments and using u(z,0) = h(x), we get

2. bk k
h(z) = uy(2,0) =Y ’“LC” sin ( Z“T)

k=1

and hence
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4.2 Higher Dimensions

We shall denote A as the Laplacian w.r.t. the space variable and the wave
equation is denoted as Cu := 1y, — c2Au. The Cauchy initial value problem
in higher dimensions is

Ou = f(xz,t) inR" x (0,00)
u(z,0) = g(x) in R” (4.2.1)
ui(x,0) = h(z) in R™.

Due to the linearity of the wave operator [, any solution u = v+w+ 2z where
v,w and z are, respectively, solutions of

Ov =0 in R" x (0, 00)
v(z,0) =g(z) inR" (4.2.2)
v(x,0) =0 in R",

Ow =0 in R" x (0, 00)
w(x,0) = in R” (4.2.3)
wi(x,0) =h(z) inR"

and
Oz = f(x,t) in R™ x (0,00)
2(x,0) =0 in R™ (4.2.4)
z(x,0) =0 in R™.

Theorem 4.2.1 (Duhamel’s Principle). Let w" be a solution to (4.2.3). Then
v(x,t) = w(x,t)
and .
z(z,t) = /0 w (z,t — ) ds,
where fs = f(-,s), are solutions to (4.2.2) and (4.2.4).

Proof. Since w? solves (4.2.3) with h = g, we have
p 0
Ov = Owf(z,t) = E(Dwg) =0

on R" x (0,00). Further, v(x,0) = w{(x,0) = g(x) in R™ and v(x,0) =
w(z,0) = 2AwI(z,0) = 0. Thus, v solves (4.2.2). Now, let us denote
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w(z,t) = wls(z,t—s), for 0 < s < t, which satisfies (4.2.3) with h(-) = f(c;s).
Then,

t t
zt(x,t):wfs(x,O)qL/ wtfs(:v,t—s)ds:/ wl* (z,t — s)ds
0 0

and
t
zu(zt) = wl*(x,0) +/ wl (z,t — s)ds
0
¢
= f(z,t)+ CQA/ wh (z,t — s)ds
0
= f(z,t) + Az
Therefore, z solves (4.2.4). O

The Duhamel’s principle can be viewed as a generalization of the method
of variations of constants in ODE (cf. Appendix G). Owing to the above
theorem it is enough solve for w in (4.2.3). To do so, we shall employ the
method of spherical means which reduces such problem to one dimensional
framework.

4.2.1 Spherical Means

More generally, in this section we solve for v 4+ w which is the solution to the
wave equation
Ou =0 in R x (0, 00)
u(z,0) =g(x) inR" (4.2.5)
u(z,0) =h(xz) inR™

For a fixed x € R” and ¢ € (0,00), the spherical mean of a C* function
u(z,t) is given as

M(x;r,t) .= 1) d
i) = o [ e

where w, is the surface area of the unit sphere in R”. Equivalently, after
setting z = (y — z)/r,

1
M (z;rt) == _/s o uw(x +rz,t)do,.
1

Wn
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If we take the above form of M(z;r,t) as a definition, we observe that it is
valid for all » € R and M (z;0,t) = u(x,t). Then

1
M, (z;rt) = w_/s )Zuy x+rz,t)zdo,
10

= - / Vyu(y,t) - zdoy
Sr(x)

wyrn1
! Ayuly, t)d
= u .
wnrn_l B (x) vy Y
If u(z,t) is a solution to (4.2.5) then
1
M () = / u(y,t) dy
C wn Br(z)
= / Ut y, d(fy dS
c? wn 0 Jsu(
Lo M) = o [
—(r P, = U \Y,s g
dr wn Js,(2) w\Y Y

Tn—l 82 1 7,,n—l
= = (—— Vuly,t)do, ) = ——M,.
2 o2 (wnrnl /Sr(r) yu(y,t) Uy) 2 Mu

Thus, the spherical means satisfies the one space variable PDE

ad _
rt %(T 'M,) = ¢ 2 My,

or

1
T t r = C_QMtta
r
which is called the Euler-Poisson-Darboux equation. Also, if u(z,t) is a
solution to (4.2.5) then using the initial condition, we get
1
G(zyr) .= M(z;7,0) = —/ g(x +rz)do,
Wn J$1(0)

and .
H(x;r) := My(z;7,0) = —/ hz +rz)do,.
51(0)

In the following section we shall illustrate solving the Euler-Poisson-
Darboux equation in three and two dimensions. For higher dimensions solv-
ing E-P-D equation is tedious.
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Theorem 4.2.2 (Three dimensions). Given g € C3(R?) and h € C?*(R?)
there exists a unique solution u € C*(R* x [0,00) of (4.2.5) given by the
Poisson’s formula

1 0 (1 1
u(z, t) = 472 {a (Z /Sct(:c)g(y) day) * t /Sct(ac) ") day] '

Proof. For the Euclidean dimension three, the Euler-Poisson-Darboux equa-
tion becomes

E(rM)y, = (rM)y.
Thus, »M is a solution to the one dimensional Cauchy problem

A(rM)y(z;rt) = (rM)y(x;r,t)  in (0,00) x (0, 00)
rM(xz;r,0) =rG(x;r) in (0,00)
rMy(z;7,0) =rH(z;7r) in (0, 00)

and is given by the d’Alembert formula

1 r+ct
M(z;r,t) = o ((r—ct)G(r—ct)+ (r+ct)G(r + ct))—l—% / t yH(y) dy,

as long as, the domain of dependence [r — ct,r + ct] is in (0, 00). Otherwise,
we extend G and H to entire R as

i G(x;r)  r>0
G(x;r) =< g(z) r=0
G(z;—r) r<0

and
H(z;r)  r>0
H(z;r) =< h(x) r=0
H(x;—r) r<Q0.
Invoking Lemma 4.2.3, we get M (xz;7,t) as
]_ ~ _ r—ct B
— ((r —ct)G(r —ct) + (r+ ct)G(r + ct)) + — / yH (y) dy

2r 2re Jo_o

Since G and H are even functions, we have

—(r—ct)
/ yH(y)dy =0

—ct
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and, therefore M (z;r,t)

1 ((r +ct)G(ct + 1) — (ct — )G (ct — r)) + — /Hd yH(y) dy.

2r 2re Jo_,

Since
w(z,t) = lim M (x;r,t),

r—0+

by L’Hospital’s rule, we get

u(z,t) = %(tG(ct)) +tH(ct) = ctG'(ct) + G(ct) + tH(ct).

Lemma 4.2.3. rG,rH € C*(R).

Proof. 1t follows from the definition that

rl_l}%l+ G(z;r) = g(x) and TliglJr H(z;r) = h(x).
Thus, rG,rH € C(R). Since G, H € C}(R), rG,rH € C'(R). Further, since
G" and H" are bounded as r — 0+, rG,rH € C*(R). O

The domain of dependence of (z, ) for the three dimensional wave equa-
tion is the boundary of the three dimensional sphere with radius ct.

The Hadamard’s method of descent is the technique of finding a solu-
tion of the two dimensional wave equation using the three dimensional wave
equation.

Theorem 4.2.4 (Method of Descent). Given g € C3(R?) and h € C*(R?)
there exists a unique solution u € C*(R? x [0,00) of (4.2.5) given by the
Poisson’s formula

1 |0 g(&m) / h(&,n)
2mc [8t (/Bct(w) /22 — p2 dedn | + Bus(ay) G212 — p? dg dn

where

p=(E—2)2+(n—y)?>
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Proof. Let v be a solution of (4.2.5) in two dimensions with g € C3(R?) and
h € C?(R?). Then

u(z,y, z,t) = v(z,y,t)
is solution to (4.2.5) in three dimensions where g and h are given independent
of z. Since u(z,y, z,t) = u(x,y,0,t)+zu,(zr,y,e2,t) for 0 < e < 1 and u, = 0,

we have v(z,y,t) = u(z,y,0,t). Therefore, using the poisson formula in three
dimensions, we get

1 0 (1 1
t) = — | = d - h do| .
U(IE, Y, ) Arc2 {Ot (t /Set(m’y,o) g(fa m, g) U) + ; \/Sct(x’y70) (57 7, C) a

Recall that g and h are independent of (, therefore g(&,n,() = g(&,n) and
h(¢,m,¢) = h(&,n). The sphere has the equation (£ —x)*+(n—y)*+(* = 212
The exterior normal is given as

VS5 (f-xzn—y ¢
|VS] ct ot et

v

and the surface element do is given as do = d&dn—= where

1
[vs]

i\/CW—(5—:;:)2—(77—3/)2

V3 =

with the positive sign applying when ¢ > 0 and negative sign applying when
¢ < 0. Set

p=(€—x)2+(n—y)>
0

In the two dimensions, the domain of dependence is the entire disk
B, (x0,y0) in contrast to three dimensions which had only the boundary
of the sphere as domain of dependence.

4.2.2 0Odd Dimension

One can copy the idea of three dimension to any odd dimension, if we rewrite
the Euler-Poisson-Darboux equation in approriate form.
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Exercise 19. If n is odd, show that the correct form of M that satisfies the
one dimensional wave equation is

(%%) - (- 2M (1)),

For instance, when n = 5, r>M, + 3rM satisfies the one dimensional wave
equation.

We have already noted that the solution at a given point is determined by
the value of intial data in a subset of the initial hypersurface. Consequently,
changing initial value outside the domain of dependence does not change
values of solutions.

Also, it takes time for the initial data to make influence. Suppose g and
h have their support in B,(zg). Then the support of u(-,¢) is contained in
UyeB, (o) Bt(Y) = Brict(w0). The support of u spreads at a finite speed and
is called the finite speed propagation.

4.2.3 Inhomogeneous Wave equation

We have already derived in Theorem 4.2.1 the formula for inhomogeneous
equation (4.2.4).

Theorem 4.2.5. For any f € C!, the solution u(z,t) of (4.2.4) is given as

t z+c(t—s)
i fo (fxfc(i,s) f(y7 S)dl/> ds n=1
={ L[t f(y.5) _
u(z,t) Inc fo ch(t,s)(q;) /—c2(t1)2_,«2 dy) ds n=2
fyt—r/c -
47r1c2 cht(z) %dy n=3J.

Proof. The Poisson’s formula corresponding to the three dimension case gives
the formula for

1

Frt—s) = —5— do,.
w (l‘, S) 47T02(t—5> /’;c(t_s)(m) f(y7$) Oy
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and

t
1) = Fo(z,t — d d
u(z,t) /w (x,t—s)ds = 4702/ /c(t p t—s oy ds

— / / flyt=r/c) doy,dr  [setting 7 = ¢(t — s)]

4c?
ya t— T/C)
T2 Bet(2) r
where r = |z — y|. Similarly, one can derive the formulae for one and two
dimensions. ]

Note that in the three dimensional case the integrand is not taken at time
t, but at an earlier time ¢ — r/c. Thus, the integrand in this case is called
retarded potential.

FExample 4.1. Consider the wave equation

gt (2, 1) — Puge(x,t) =sin3z in (0,7) x (0, 00)
u(0,t) = u(m,t) =0 in (0, 00)
u(z,0) = uy(x,0) =0 in (0, 7).

We look for the solution of the homogeneous wave equation

Wi (1, 1) — Awyy(z,1) = O in (0,7) x (0,00)
w(0,t) =w(m,t) = in (0, 00)
w(z,0) = n (0, )
wy(x,0) =sin3x (0, ).

By separation of variable technique, we know that the general solution of w
is -
Z a, cos(kct) + by sin(ket)] sin(kx)

k=1

0) = Zak sin(kz) = 0.
k=1

Thus, a;, = 0, for all kK € N. Also,

and

wy(x,0) = Z brck sin(kx) = sin 3.
k=1
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Hence, by’s are all zeroes, except for k = 3 and b3 = 1/3c. Thus,

1
w(zx,t) = 3 sin(3ct) sin(3x)

and

t 1 t
u(x,t) = / w(z,t—s)ds = 3—/ sin(3¢(t — s)) sin 3z ds
0 ¢Jo

sin3z [* sin 3z cos(3c(t — s)) |
= in(3c(t —s)) ds =
3c /0 sin(3e(t — 5)) ds 3¢ 3¢ 0
in 3
= SI;I 2x (1 —cos3ct).
c

4.3 Eigenvalue Problem of Laplacian

The separation of variable technique can be used for studying wave equation
on 2D Rectangle and 2D Disk etc. This leads to studying the eigen value
problem of the Laplacian. For a given open bounded subset Q C R2, the
Dirichlet eigenvalue problem,

{ —Au(z,y) = u(z,y) (z,y) €Q
u(z,y) =0 (z,y) € 00

Note that, for all A € R, zero is a trivial solution of the Laplacian. Thus,
we are interested in non-zero A’s for which the Laplacian has non-trivial
solutions. Such an A is called the eigenvalue and corresponding solution wy
is called the eigen function.

Note that if uy is an eigen function corresponding to A, then au,, for all
a € R, is also an eigen function corresponding to A. Let W be the real vector
space of all u : 2 — R continuous (smooth, as required) functions such that
u(z,y) = 0 on J€. For each eigenvalue A\ of the Laplacian, we define the
subspace of W as

Wy = {u € W | u solves Dirichlet EVP for given A}.

Theorem 4.3.1. There exists an increasing sequence of positive numbers
D<M <A< AN<... <A\, <...with N\, — oo which are eigenvalues of
the Laplacian and W,, = W, s finite dimensional. Conversely, any solution
w of the Laplacian is in W,,, for some n.
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Though the above theorem assures the existence of eigenvalues for Lapla-
cian, it is usually difficult to compute them for a given €2. In this course, we
shall compute the eigenvalues when 2 is a 2D-rectangle and a 2D-disk.

4.3.1 In Rectangle

Let the rectangle be Q = {(z,y) € R?* | 0 < x < a,0 < y < b}. We wish to
solve the Dirichlet EVP in the rectangle 2

{ —Au(z,y) = u(z,y) (z,y) €
u(z,y) =0 (x,y) € 0N.

The boundary condition amounts to saying
u(z,0) = u(a,y) = u(z,b) = u(0,y) = 0.

We look for solutions of the form wu(z,y) = v(zx)w(y) (variable separated).
Substituting u in separated form in the equation, we get

—v"(z)w(y) — v(z)w"(y) = M (z)w(y).

Hence . .
@, e
v(x) w(y)
Since LHS is function of z and RHS is function y and are equal they must
be some constant, say p. We need to solve the EVP’s

—"(x) = po(x) and —w"(y) = (A= pu(y)

under the boundary conditions v(0) = v(a) = 0 and w(0) = w(b) = 0.

As seen before, while solving for v, we have trivial solutions for p < 0. If
p > 0, then v(z) = ¢; cos(y/lur) +czsin(/pr). Using the boundary condition
v(0) = 0, we get ¢; = 0. Now using v(a) = 0, we have ¢;sin \/pa = 0. Thus,
either ¢; = 0 or sin/ua = 0. We have non-trivial solution, if c; # 0,
then /pa = km or /i = kn/a, for k € Z. For each k € N, we have
vr(z) = sin(krx/a) and py = (km/a)?. We solve for w for each py,. For each
k,1 € N, we have wy(y) = sin(lry/b) and A\ = (kn/a)? + (I /b)?. For each
k,l € N, we have

ug(x,y) = sin(krz/a) sin(lmy/b)

and A\ = (km/a)? + (Im/b)>.
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4.3.2 In Disk

Let the disk of radius a be Q = {(z,y) € R?* | 2* + y* < a*}. We wish to
solve the Dirichlet EVP in the disk €2

=10 (p0u) — r%% =u(r,0)  (r,0) € Q
uw®) =u(@+2r) R
u(a,0) =0 0 € R.

We look for solutions of the form u(r,0) = v(r)w(#) (variable separated).
Substituting v in separated form in the equation, we get

wd (rfl_jf) D w(60) = Mo(r)w(6).

r dr 2
Hence dividing by vw and multiplying by r%, we get

rd [ dv Lo, 2
o (7’%> - W (0) = Ar-.

-1
o - )\ 2 — 9 — .
vdr(rdr)—{—r ww() a
Solving for non-trivial w, using the periodicity of w, we get for pug = 0,
wy(0) = % and for each k € N, p;, = k* and

wg(0) = ag, cos kO + by sin k6.

For each k € NU {0}, we have the equation,
d ( dv 5 9
a(r%) + (A = k%)v = 0.

Introduce change of variable z = v/ Ar and 22 = Ar2. Then

dr  Tdzx

rewriting the equation in new variable y(x)) = v(r)

x% (ﬂ%?) + (22 — B)y(z) = 0.
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Note that this none other than the Bessel’s equation. We already know that
for each k € NU {0}, we have the Bessel’s function Ji as a solution to the
Bessel’s equation. Recall the boundary condition on v, v(a) = 0. Thus,
y(v/Aa) = 0. Hence v/Aa should be a zero of the Bessel’s function.

For each k € NU{0}, let zj; be the I-th zero of Ji, | € N. Hence Va = 2y
and so Ay = 27,/a* and y(z) = Jy.(z). Therefore, v(r) = Jy.(zir/a). For each
k€ NU{0} and I € N, we have

(1, 0) = Jp(zrar/a) sin(k@) or Ji(zgr/a) cos(ko)

— 2 /2
and Ay = z7,/a”.



Chapter 5

Heat Equation

5.1 Derivation

Let a homogeneous material occupy a region 2 C R" with C! boundary. Let
k denote the thermal conductivity (dimensionless quantity) and ¢ be the heat
capacity of the material. Let u(x,t) be a function plotting the temperature
of the material at x € €2 in time ¢. The thermal energy stored at x € (), at
time ¢, is cu(x,t). If v(x,t) denotes the velocity of (x,t), by Fourier law, the
thermal energy changes following the gradients of temperature, i.e.,

cu(z,t)v(z,t) = —kVu.

The thermal energy is the quantity that is conserved (conservation law) and
satisfies the continuity equation (1.4.1). Thus, we have

k

uy — —Au = 0.
c

If the material occupying the region {2 is non-homogeneous, anisotropic,
the temperature gradient may generate heat in preferred directions, which
themselves may depend on x € 2. Thus, the conductivity of such a material
at x € Q, at time ¢, is given by a n x n matrix K(x,t) = (k;j(x,t)). Thus, in
this case, the heat equation becomes,

1
u; — div (—KVU) = 0.
c

The heat equation is an example of a second order equation in divergence
form. The heat equation gives the temperature distribution u(x,t) of the

107



CHAPTER 5. HEAT EQUATION 108

material with conductivity k£ and capacity c¢. In general, we may choose
k/c = 1, since, for any k and ¢, we may rescale our time scale ¢t — (k/c)t.
The Cauchy initial value problem (IVP) of the heat equation,

{ w(z,t) — Agu(z,t) =0 inR" x (0,00) (5.1.1)

T
u(z,0) =g(x) R,

where g € C(€2). We end this section with a remark that under the transfor-
mation t — —t, in contrast to the wave equation, the heat equation changes
to a background equation. This signifies that the heat equation describes
irreversible process, i.e., it is not possible to find the distribution of temper-
ature at an earlier time t < ty, if the distribution is given at t;.

5.2 Boundary Conditions

To make the heat equation u; — Au = f in Q x (0,7T") well-posed, where (2 is
a bounded open subset of R", we choose to specify the boundary condition
u(z,0) = g(z) on Q x {t = 0} and one of the following conditions on 9 x
(0,7):

(i) (Dirichlet condition) u(x,t) = h(z,t);

(ii) (Neumann condition) V, u(z,t)-v(z) = h(z,t), where nu(z) is the unit
outward normal of (z,t) € 90 x (0,7);

(iii) (Robin condition) V, u(x,t) - v + cu(z,t) = h(x,t) for any ¢ > 0.
(iv) (Mixed condition) u(z,t) = h(z,t) on I'y and V,u(x,t) - v = h(z,t) on
FQ, where F1UF2 = 0 x (O,T) and FlﬂF2:@

5.3 Heat Flow on a Bar

The equation governing the heat propagation in a bar of length L is

ou 1 0 ou

= (s) 5

ot p(x)o(x)ox Ox
where o(z) is the specific heat at z, p(x) is density of bar at x and k() is
the thermal conductivity of the bar at x. If the bar is homogeneous, i.e, its
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properties are same at every point, then

ou Kk 0w

ot po Ox?
with p, o, k being constants.

Let L be the length of a homogeneous rod insulated along sides insulated
along sides and its ends are kept at zero temperature. Then the temperature
u(z,t) at every point of the rod, 0 < x < L and time ¢ > 0 is given by the
equation

ou 0%
ot~ o2
where ¢ is a constant.

The temperature zero at the end points is given by the Dirichlet boundary
condition

u(0,t) = u(L,t) = 0.
Also, given is the initial temperature of the rod at time ¢ = 0, u(z,0) = g(z),
where ¢ is given (or known) such that ¢g(0) = g(L) = 0. Given g : [0,L] - R
such that ¢g(0) = ¢g(L) = 0, we look for all the solutions of the Dirichlet
problem

u(z,t) — Fugp(z,t) =0 in (0,L) x (0,00)
u(0,t) =u(L,t) =0 in (0,00)
u(z,0) =g(x) on [0, L]

We look for u(z,t) = v(x)w(t) (variable separated). Substituting u in sepa-
rated form in the equation, we get

w'(t) ()
cw(t)  wv(x)’
Since LHS is function of ¢ and RHS is function x and are equal they must be
some constant, say A. Thus,
w'(t) _ v'(z)

Aw(t) - v(x) =A

Thus we need to solve two ODE to get v and w,

w'(t) = APw(t)
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and
v (x) = M(x).

But we already know how to solve the eigenvalue problem involving v. For
cach k € N, we have the pair (A, vx) as solutions to the EVP involving v,
where A\, = —(km)?/L? and vj,(z) = sin (£7£) some constants by. For each

L
k € N, we solve for wy to get

Inwy(t) = \c’t + Ina

kerm/L)

where « is integration constant. Thus, wy(t) = ae™ . Hence,

kmx

up(z,t) = vp(2)we(t) = Bisin (T) = (hem /L)t

for some constants g, is a solution to the heat equation. By superposition
principle, the general solution is

S = . ([ kmx\ _ )
u(z,t) = ;uk(x,t) - ;51@ gin (T) o (ken /LYt

We now use the initial temperature of the rod, given as g : [0, L] — R to
find the particular solution of the heat equation. We are given u(z,0) = g(x).

Thus,
g(x) = u(z,0) = ;ﬁk sin <k%>

Since ¢g(0) = g(L) = 0, we know that g admits a Fourier Sine expansion and
hence its coefficients (3, are given as

2 [F kmx
Br = Z/o g(x)sin (T) :

5.4 On a Circular Wire

We intend solve the heat equation in a circle (circular wire) of radius one
which is insulated along its sides. Then the temperature w(6,t) at every
point of the circle, § € R and time ¢ > 0 is given by the equation

ou 0%

ot~ o
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where ¢ is a constant. We note that now (0, t) is 2m-periodic in the variable
0. Thus,
u(f + 2w, t) =u(f,t) VO e R, t>0.

Let the initial temperature of the wire at time ¢t = 0, be u(6,0) = g(f), where
g is a given 2rm-periodic function. Given a 2m-periodic function g : R — R,
we look for all solutions of

u(0,1) — Pugg(0,t) =0 in R x (0, 00)
w(@ + 2w, t) =wu(d,t) inR x (0,00)
u(0,0) = g(0) on R x {t =0}.

We look for u(6,t) = v(f)w(t) with variables separated. Substituting for u
in the equation, we get
w'(t)  v"(0)
cw(t)  v(0)
For each k € N U {0}, the pair (A, vg) is a solution to the EVP where
A\ = —k? and

=\

vi(0) = ag cos(kf) + by sin(k6).
For each k € NU {0}, we get wy(t) = ae* )’ For k =0

up(0,t) = ap/2 (To maintain consistency with Fourier series)
and for each k € N, we have
up(0,1) = [ay, cos(kO) 4 by, sin(k)] e+
Therefore, the general solution is

— 70 - Z ay, cos(kB) + by sin (k)] e ¥,

k=1

We now use the initial temperature on the circle to find the particular solu-
tion. We are given u(6,0) = g(6). Thus,

g9(0) = =

50 + ; ay, cos(kO) + by, sin(k6)]

Since g is 2w-periodic it admits a Fourier series expansion and hence

ap = 1 /7r g(0) cos(k) do,

T™J—n
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1 [7 )
by = — g(0) sin(k6) db.
™ —T
Note that as ¢ — oo the temperature of the wire approaches a constant ag/2.

FExercise 20. Solve the heat equation for 2D Rectangle and 2D Disk

5.5 Inhomogeneous Equation

In this section we solve the inhomogeneous heat equation, using Duhamel’s
principle. The Duhamel’s principle states that one can obtain a solution of
the inhomogeneous IVP for heat from its homogeneous IVP.

For a given f, let u(x,t) be the solution of the inhomogeneous heat equa-
tion,

ug(w,t) — AAu(x,t) = f(z,t) in Qx (0,00)
u(z,t) =0 in 002 x (0, 00)
u(z,0) =0 in Q.

As a first step, for each s € (0,00), consider w(x,t;s) as the solution of the
homogeneous problem (auxiliary)

wi(z,t) — AAws(z,t) =0 in Q x (s,00)
w(x,t) =0 in 90 x (s,00)
w(xz,s) = f(z,s) on Q x {s}.

Since t € (s,00), introducing a change of variable r = t—s, we have w*(x,t) =
w(z,t — s) which solves

w(z,r) — FAw(z,r) =0 in Q x (0,00)
w(z,r) =0 in 09 x (0, 00)
w(x,0) = f(z,s) on

Duhamel’s principle states that

u(z,t) = /Otws(x,t) ds = /Otw(x,t— s)ds
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and u solves the inhomogenous heat equation. Suppose w is C?, we get

a t
u(z,t) = ot /. w(z,t —s)ds
t
- /wt(:p,t—s)ds—i—w(x,t—t)?
0 t
d(0)

t
= /wt(:c,t—s)ds—irw(:c,O)
0

= /t wi(x,t —s)ds + f(z,t).
Similarly, 0
Au(z,t) = /t Aw(z,t — 5)ds.
Thus, ’
u — Au = f(x,t) + /t (wi(z,t — s) — FAw(z, t —s)) ds
— ).

5.6 Steady State Equation

Consider the Cauchy problem with inhomogeneous Dirichlet boundary con-
ditions

w(x, t) — AAu(z,t) =0 in Q x (0, 00)
u(z,t) = =¢(x,t) in 9N x[0,00)
u(x,0) = g(x) on )

such that, for all z € 09,
g9(z) = ¢(2,0),¢"(x) = ¢"(x,0).
The steady-state solution of the heat equation is defined as
v(z) =limt — oou(x,t).

Note that v satisfies the equation Av = 0, since v; = 0. Further v satisfies
the boundary condition on 92 as

v(z) =limt — ocop(z,t).
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5.7 Fundamental Solution of Heat Equation

We shall now derive the fundamental solution of the heat equation (5.1.1).
Taking Fourier transform both sides of the equation, we get

—_—
u — Au =

{[t(g:t) - &L(ga t) =

m(ﬁ,t)—zfﬁf-a(é,t) = f&1)

~

The solution of the above ODE is given by (cf. Appendix G)

(&, t) = g(&)e Pt 4 / R e, ) d

0

where we have used the initial condition @(¢,0) = §(§) of the ODE. Therefore,
by inverse Fourier formula,

u(x,t) = (27r)_n/2/ (Q(f)e_m%eig'er/t R () ds) d§

0

= (2m)™" / ( / g(y)e"f’ydy) e Pt g
9) " ' —i&y g i&x—lE*(t=5) Jg d
ven [ ([ ssera)e e
= (QW)_”/ g(y) (/ eié(x—y)—ﬁl%dg) dy
9\ ' : i€ (2—y) =€ (t=s) 4 ) ds d
ren [ [ rwe (] . €) dsdy

= /ng(y)K(fv,y,t)dy+/R/Otf(y,S)K(:v,y,t—S)dsdy

where

K(%% t) — (27'(')_”/ 6i§~(z—y)_|§‘2t dg

n

Note that
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and, set n = <§ Vit — z%—&?) Therefore, dn = v/td¢. Using this substituion

in K and simplifying, we get
K(,y,t) = (4rt) /2 lemvl/at

called the heat kernel or the fundamental solution of heat equation. The
function K can be motivated in another way. Note that if u(zx,t) is a solu-
tion of the heat equation, then (u o T))(x,t) is also a solution of the heat
equation, where Ty (z,t) = (Az, A\*t) is a linear transformation for any \ # 0.
This scaling or dilation is called the parabolic scaling. Thus, we look for a
solution u(x,t) = v(t)w(r?/t), where r = |z|. Substituting this separation
of variable in the heat equation, we derive v(t) = t~/2 and w(t) = e ""/*.
This motivates us to define the fundamental solution as

AR e RS ()

K(z,t) = { dmt

0 rzeR"t<0.
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Chapter 6

The Laplacian

A general second order linear elliptic equation is of the form

D (@), + Y bi(@)uy, + c(@)ulz) = f(x)

ij=1 i=1
where A(z) = a;j(x) is real, symmetric and positive definite. If A is a
constant matrix then with a suitable transformation one can rewrite

Z i (T)Uge; = AV
ij=1
where v(x) := u(Tz). We introduced (cf. Chapter 1) Laplacian to be the

trace of the Hessain matrix, A := Y " | 88—;2. The Laplace operator usually

appears in physical models associated with dissipative effects (except wave
equation). The importance of Laplace operator can be realised by its ap-
pearance in various physical models. For instance, the heat equation

0
——A
ot ’
the wave equation
62
— —A
ot? ’
or the Schrédinger’s equation
0
— + A.
ot "

The Laplacian is a linear operator, i.e., A(u+v) = Au+Av and A(Au) =
AAuw for any constant A € R.
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6.1 Properties of Laplacian

The Laplace operator commutes with the translation and rotation opera-
tor. For any a € R™, we define the translation map T, : C'(2) — C(Q) as
(Tyu)(z) = u(z + a). The invariance of Laplacian under translation means
that Ao T, = T, 0 A. For any u € C*(Q), (T,u).,(z) = ug(z + a) and
(Tott) gz, () = Uz, (x 4+ @). Thus, A(T,u)(z) = Au(z + a).

For any orthogonal n x n matrix O (O~! = O), we define R : C(Q) —
C(2) as Ru(xz) = u(Ox). The invariance of Laplacian under rotation means
that Ao R = RoA. Let y = Ox. Then, y; = >, Ojx; and, by chain rule,

n

(Ru),, = Z Uy, gy] Zuyg ji-

7=1

Therefore, V,Ru = O'V,u and
(Ao R)u(z) = V,Ru-V,(Ru) = O'V,u-O'V,u=00'V,u-V,u=Au.

But Ayju = (Au)(Ox) = (R o A)u(z).

A radial function is constant on every sphere about the origin. Since
Laplacian commutes with rotations, it should map the class of all radial
functions to itself.

In cartesian coordiantes, the n-dimensional Laplacian is given as

In polar coordinates (2 dimensions), the Laplacian is given as

10 0 . 1 0?
= —_—— ’r’— R —
ror \ Or r2 062
where 7 is the magnitude component (0 < r < oo) and 6 is the direction

component (0 < ¢ < 27). The direction component is also called the azimuth
angle or polar angle.

FEzxercise 21. Show that the two dimensional Laplacian has the representation

BN
ror T@r r2 062

in polar coordinates.
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Proof. Using the fact that x = r cos@ and y = rsinf, we have

% = cos ¥, % = sin @ and % = COSQ% —i—sin@g—z.
Also,
2 2 2 2
% = COSQQ% +Sin20% + 2COS€SiDQaag )
T T Y oy
Similarly,
ox ) dy ou ou . Ou
50 = —rsinf, 20 = rcosf and 7= rcos@a—y — rsmH%.
Also,
1 0*u 5 0%u 5 0%u O*u 10u
T — g R — =2 1 - ——.
mlpTy sin 08.7:2 + cos 083/2 Cosﬁsm@amay o
Therefore,
Pu  10%u 0*u  0*u  10u
+ = — +O05— — ——.
or?2  r2002  0Ox? oy?> ror
and hence

Pu  10%u 10u

M=Ga a0 o

In cylindrical coordinates (3 dimensions), the Laplacian is given as

A._lﬁ 0 +182+82
“ror \'or r2060% 022
where r € [0,00), 6 € [0,27) and z € R. In spherical coordinates (3 dimen-
sions), the Laplacian is given as

A= 1o 7“22 +—1 9 Sin(b2 +—1 6—2
2o or r2sin ¢ O¢ 1)) r2 sin? ¢ 062
where 7 € [0,00), ¢ € [0,7] (zenith angle or inclination) and 6 € [0,2m)

(azimuth angle).

Note that in one dimension, n =1, A = &

da?
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Proposition 6.1.1. Let n > 2 and u be a radial function, i.e., u(x) = v(r)
where x € R™ and r = |x|, then

_ d*o(r) N (n—1)dv(r)

A = .
u(x) dr? r dr
Proof. Note that
or Oz (WAt +... +ad)
or;,  Ox; ox;
1
= Sl ) 2w
_ L
o

Thus,

"0 [Oulx
Au(x):;axi( &iz)

B zn: 9 (du(r)z;

N — ox; dr r

RS 0 (1dov(r) n dv(r)

B ;I’axi (; dr ) +; dr
:L‘_?i do(r) 1 N ndu(r)
rdr \ dr r r dr

x_?{ldzv(r) ldv<r)}+@dv_(r)

\E

=1

NE

—~ r |r dr2 12 dr r dr

P 1d%(r) 1 du(r) N ndv(r)
o\ r dr? r2 dr r dr
_du(r)  1dv(r) N ndv(r)
 dr? r dr r dr
_d*o(r) N (n—1)do(r)
 dr? r dr

Hence the result proved. O

More generally, the Laplacian in R™ may be written in polar coordinates
as 9? 1o 1
A= T —
or? roor r?
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where Agn-1 is a second order differential operator in angular variables only.
The above forms of Laplacian gives an insight into how the Laplacian treats
radial function and angular functions. The angular part of Laplacian is
called the Laplace-Beltrami operator acting on S"~! (unit sphere of R") with
Riemannian metric induced by the standard Euclidean metric in R".

6.2 Ill-Posedness of Cauchy Problem

Recall that for a second order Cauchy problem we need to know both u
and its normal derivative on a data curve I' contained in 2. However, the
Cauchy problem for Laplacian (more generally for elliptic equations) is not
well-posed. In fact, the Cauchy problem for Laplace equation on a bounded
domain € is over-determined.

Ezample 6.1 (Hadamard). Consider the Cauchy problem for Laplace equa-
tion

Upg + Uyy =0
U(O, y) - C0]:2ky
uCE(()? y) = 07
where £ > 0 is an integer. It is easy to verify that there is a unique solution
cosh(kx) cos(k
) - )
of the Cauchy problem. Note that for any xq > 0,
cosh(kzy)

|Uk($‘0,nﬂ'/k?)| = 2

Since, as k — oo, nm/k — 0 and |ug(xo, nw/k)| — 0o the Cauchy problem is
not stable, and hence not well-posed.

FEzercise 22. Show that the Cauchy problem for Laplace equation

Upg + Uyy =0
u(z,0) =0
uy(z,0) =k 'sinkz,

where k& > 0, is not well-posed. (Hint: Compute explicit solution using sep-
aration of variable. Note that, as & — oo, the Cauchy data tends to zero
uniformly, but the solution does not converge to zero for any y # 0. There-
fore, a small change from zero Cauchy data (with corresponding solution
being zero) may induce bigger change in the solution.)
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This issue of ill-posedness of the Cauchy problem is very special to second
order elliptic equations. In general, any hyperbolic equation Cauchy problem
is well-posed, as long as the hyperbolicity is valid in the full neighbourhood
of the data curve.

FExample 6.2. Consider the Cauchy problem for the second order hyperbolic
equation

Y Upy — YUy + 3uy, =0 y >0

u((l;? O) = f(fl?)

u,(x,0) = g(x).

The general solution to this problem can be computed as
_ 25 _ 2.5
u(z,y) =F a:—|—3y +G 3 :
Ony=0u(z,0) = F(z)+ G(z) = f(z). Further,

2 2
uy(z,y) = y1/2F/ (:1: 4 §y3/2> . yl/ZG/ (:1: . §y3/2>

and u,(x,0) = 0. Thus, the Cauchy problem has no solution unless g(x) = 0.
If g = 0 then the solution is

2 2 2
u(z,y) =F (x + §y3/2) —F (x — §y3/2) + f (x — §y3/2)

for arbitrary I € C?. Therefore, when g = 0 the solution is not unique.
The Cauchy problem is not well-posed because the equation is hyperbolic
(B? — AC' = y?) not in the full neighbourhood of the data curve {y = 0}.

6.3 Boundary Conditions

To make the Poisson equation —Au = f in Q well-posed, where () is a
bounded open subset of R", we choose to specify one of the following condi-
tions on the boundary, 0S2, of )

(i) (Dirichlet condition) u = g;

(ii) (Neumann condition) Vu-v = g, where v(z) is the unit outward normal
of x € 982;
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(iii) (Robin condition) Vu - v + cu = g for any ¢ > 0.

(iv) (Mixed condition) u = g on I'; and Vu-v = h on I'y, where 'y UT'y = 09
and Fl N FQ = @

The Poisson equation with Neumann boundary condition comes with a
compatibility condition. Note that, by Guass divergence theorem (cf. Corol-
lary D.0.7), if w is a solution of the Neumann problem then u satisfies, for
every connected component w of €2,

= Vu-v (Using GDT)

/ Au

w Ow

L= e
w Ow

The second equality is called the compatibility condition. Thus, for a Neu-

mann problem the given data f, g must necessarily satisfy the compatibility

condition. Otherwise, the Neumann problem does not make any sense.
The aim of this chapter is solve

{ —Au(z) = f(x) in Q

one of the above inhomogeneous boudary condition on 0f2,

for any open subset 2 C R™. Note that, by linearity of Laplacian, u = v+ w
where v is a harmonic function® that solves

{ Av(z) =0 in 0

one of the above inhomogeneous boudary condition on 0f2,

and w solves the Poisson equation?

{ —Aw(z) = f(2) in

one of  the above homogeneous boudary condition on 0f).

Therefore, we shall restrict our attention to solving only for v and w. We
begin our analysis with v called harmonic functions.

ldefined later
2defined later
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6.4 Harmonic Functions

The one dimensional Laplace equation is a ODE and is solvable with solu-
tions u(x) = azx + b for some constants @ and b. But in higher dimensions
solving Laplace equation is not so simple. For instance, a two dimensional
Laplace equation

Ugpg + Uyy = 0

has the trivial solution, u(z,y) = ax + by + ¢, all one degree polynomials of
two variables. In addition, xy, 22 — 2, 2® — 32y?, 32%y — >, e“siny and
e cosy are all solutions to the two variable Laplace equation. In R”", it is
trivial to check that all polynomials up to degree one, i.e.

5 Aot

o<1

is a solution to Au = 0 in R™. But we also have functions of higher degree
and functions not expressible in terms of elementary functions as solutions
to Laplace equation. For instance, note that u(x) =[]}, 2; is a solution to
Au =0 in R".

Definition 6.4.1. Let 2 be an open subset of R™. A function u € C*(Q) is
said to be harmonic on Q if Au(x) =0 in .

We already remarked that every scalar potential is a harmonic function.
Gauss was the first to deduce some important properties of harmonic func-
tions and thus laid the foundation for Potential theory and Harmonic Anal-
ysis.

Due to the linearity of A, sum of any finite number of harmonic func-
tions is harmonic and a scalar multiple of a harmonic function is harmonic.
Moreover, harmonic functions can be viewed as the null-space of the Laplace
operator, say from C?(2) to C'(€2), the space of continuous functions.

In two dimension, one can associate with a harmonic function u(z,y), a
conjugate harmonic function, v(x,y) which satisfy the first order system of
PDE called the Cauchy-Riemann equations,

Uy = vy, and u, = —v,.

Harmonic functions and holomorphic functions (differentiable complex func-
tions) are related in the sense that, for any pair (u, v), harmonic and its conju-
gate, gives a holomorphic function f(z) = u(z,y)+iv(z,y) where z = x +iy.
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Conversely, for any holomorphic function f, its real part and imaginary part
are conjugate harmonic functions. This observation gives us more examples
of harmonic functions, for instance, since all complex polynomials f(z) = 2™
are holomorphic we have (using the polar coordinates) wu(r,0) = r™ cosmé
and v(r,0) = r™sinmf are harmonic functions in R? for all m € N. Simi-
larly, since f(z) = log z = Inr + 46 is holomorphic in certain region, we have
u(r,0) = Inr and v(r,0) = 0 are harmonic in R*\ (0,0) and R?\ {6 = 0},

respectively.

FExercise 23. Show that there are infinitely many linearly independent har-
monic functions in the vector space C?(R?).

6.4.1 Spherical Harmonics

A polynomial of degree k in n-variables is of the form

Py(z) := Z anr”.

|| <k

A polynomial P is said to be homogeneous of degree k if P(\r) = \*P(x)
for any real A # 0. Note that a homogeneous polynomial of degree k is of

the form
Z anx”.

|a|=k

The number of possible n-tuples « such that |«| = k is given by (”+Z_1). Let
Hi.(R™) denote the set of all homogeneous harmonic polynomial of degree k
in n variables. Note that #H(R™) forms a vector space. Recall that the class
of harmonic functions, call it N(A), is a (vector) subspace of C*(R") and,

hence, H;,(R") C N(A) C C*(R™).

Two Dimensions

Consider a general homogeneous polynomial
k

Py(z,y) == Z a;z'y"

=0
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of degree k in R? (two variables). Note that P contains k + 1 coefficients®.
Then

k )
APk(x,y) = Zaﬂ(i o 1)$i*2yk72’ 4 Gz(k o Z)(k — = 1)xiyk71‘72

=2 7

N

i
o

is a homogeneous polynomial of degree k& — 2 and, hence, contains k£ — 1
coefficients. If P, € Hy(R?), i.e. APy(x,y) =0, then all the k — 1 coefficients
should vanish. Thus, we have k — 1 equations relating the k£ 4+ 1 coefficients
of B, and, hence, Hy(R?) is of dimension two (since k + 1 — (k — 1) = 2).
Let us now find the basis of the two dimensional space H;(R?). In polar
coordinates, Py (r,0) = r*Q(0) where

k
Qr(0) = Z a;(cos f) (sin )"

Note that @), is the restriction of P, to S! and are called spherical harmonics.
If P, € Hi(R?) then, using the polar form of Laplacian, we get

"2 1QL0) + K Qu(0)] = 0.
Therefore, for all r > 0, Qx(0) is a solution to the ODE
1(0) + k*Qr(0) = 0.

Therefore, Q1(0) = acoskl + Bsinkf and Py(r,0) = r*(a cos kf + B sin k).
Thus, P is a linear combination 7% cos k6 and r* sin k6. In fact, if we identify
each vector (z,y) € R? with the complex number z = x + iy, then we have
shown that Re(z*),Im(z*) are the basis of H;(R?). If we choose a; and
f1 such that f = —a;sinf; and o = «j cos 51, then we can rewrite the
polynomial as

Py(r,0) = ayr* cos(kO + By).

Thus, we immediately see that the zero set of Py(r,#) in R? will be a family of
k straight lines passing through origin such that between any two consecutive
lines the angle is same.

S =k+1
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Three Dimensions

Consider a general homogeneous polynomial

= E Ao x”

|a|=k

of degree k in R? (three variables). Note that P} contains (k+2) W
coefficients. Then APy (x) is a homogeneous polynomial of degree k — 2 and
hence, contains @ coefficients. If P, € Hy(R?), i.e. AP,(z) =0, then all

the @ coefficients should vanish. Thus, we have @
the (52) (k+1

equations relating

coefficients of P, and, hence, H;(R?) is of dimension

(k+2)(k+1) — k(k — 1)

=2k + 1.
5 +

The basis of the 2k+1 dimensional space Hj(R?) is given in terms of the Leg-
endre functions which we shall describe now. In spherical coordinates, x =
rsingcosf, y = rsingsin@ and z = rcos . Thus, Pp(r, ¢,0) = r*R(¢)Q(H)

where

R(9)Q(0) = Z Ao (sin )72 (cos ¢)*? (cos §) ™ (sin )2

la|=k

The separated variable assumption above is not a issue because differential
operator is linear. Note that RQ is the restriction of P to S* and are
called spherical harmonics. If P, € H;,(R?) then, using the spherical form of
Laplacian, we get

2 |k(k + 1) sin® ¢ + sin? qb};/((j)) + sin ¢ cos ¢ ((z)) + %//((9)) = 0.
Therefore, for all » > 0, we have equality
k(k + 1)sin? ¢ + sin? gbi;/((j)) + sin ¢ cos qﬁg((z)) = — %ﬂ((;)) _

Since LHS is a function of ¢ and RHS is a function of 6 they must be equal
to some constant A. Then, we have to solve for the eigenvalue problem

—Q"(0) = AQ(0)
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where Q is 27-periodic. This has the solution, for all m € NU {0}, A = m?
and Q,,,(0) = a,, cosmb + B, sinmb. For A = m? we solve for R(¢) in

Y Cosp o, .\ m?
RY6) + SR (0) = R6) (s 4 D) o€ (0,0)
Set w = cos ¢. Then %) = —sin ¢.

d d? d
R'(¢) = —sin gf)£ and R"(¢) = sin® ¢d—£ — o8 ¢£
In the new variable w, we get the Legendre equation
2

1 —w?

(1 —w*)R"(w) — 2wR (w) = ( — k(k + 1)) R(w) w e [-1,1].

For each k € NU {0}, this has the Legendre polynomials, Ry, (cos¢), as its
solutions. Therefore, in general,

Pi(r, ¢,0) = r*(acosmb + B sinmf) Ry, (cos ¢).

However, we are interested only those Ry ,,, which gives a polynomial of degree
kin R3. Thus, for m =0,1,...,k,

k+m

Ry m(w) = (1 — w2)m/2 2)k.

dwarm (1 —w

Note that, for each fixed k£ and all 1 < m < k, the collection
{Ry.0(cos @), cosmORy, ,(cos @), sin mb Ry (cos @)} € Hi(R?)

is 2k + 1 linearly independent homogeneous harmonic polynomials of degree
k and forms a basis. Thus, each P is a linear combination of these basis
elements.

The zero sets of P, exhibit properties depending on m. For m = 0 the
harmonic polynomial P is a constant multiple of Ry o(cos ¢). Since Ry o(w)
has k distinct zeros in [—1, 1] arranged symmetrically about w = 0, there are
k distince zeros of Ry o(cos¢) in (0,7) arranged symmetrically about /2.
Thus on S?, the unit sphere, the function Ry (cos @) vanishes on k circles
circumscribed in the latitudinal direction. For k odd the circle along equator
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is also a zero set. The function Ry (cos¢) and its constant multiples are
called zonal harmonics.
If 0 < m < k, then the spherical harmonics is of the form

k+m
(accosmb + [ sinm#) sin™ ¢dw’f+m (1 —w?)".
If the first term is zero then tanmé = —a/[. This corresponds to great

circle through the north pole and south pole of S? and the angle between
the planes containing two consecutive great circle is 7/m. The second term
vanishes on ¢ = 0 and ¢ = 7 corresponding to the north and south pole,
respectively. The third term vanishes on £ —m latitude circle. Thus, we have
orthogonally intersecting family of circles which form the zero set which are
called tesseral harmonics.

If m = k then the spherical harmonics is of the form

(accos kO + B sin k) sin® ¢

and it vanishes for ¢ = 0, ¢ = 7 or tankf = —a/F. The first two cases
corresponds to the north and south pole, respectively, and the last case cor-
responds to great circles through the north pole and south pole of S? and
the angle between the planes containing two consecutive great circle is 7/k.
Thus, the great circles divide the S? in to 2k sectors and are called sectorial
harmoics.

Higher Dimensions

Consider a general homogeneous polynomial

Py(z) == Z Ao x”

|a|=k

of degree k in R” (n variables). Note that P, contains ("+I’:_1) coefficients.

Then AP, (z) is a homogeneous polynomial of degree k — 2 and, hence, con-

tains (”Zf;g) coefficients. If P, € Hi(R"), i.e. AP (xz) = 0, then all the
("Zﬁj) coefficients should vanish. Thus, we have ("Zf;g

(”*k’l) coefficients of P, and, hence, H;(R™) is of dimension

k
. n+k—1 B n+k—3
o k k—2 )

) equations relating
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In polar form, Py(r,0) = r*Q(0) where § € S"~1 and if Py(r,0) € Hp(R")
then ,

P = —

AP, or? + r or + r2

where Agn-1 is a second order differential operator in angular variables only
called the Laplace-Beltrami operator. Therefore, we have

Agn—lpk — 0

"2 [Agn1Q(0) + k(n +k —2)Q(0)] =0

and for r > 0,
Agn1Q(0) + k(n+k —2)Q(0) = 0.

6.4.2 Properties of Harmonic Functions

In this section we shall study properties of harmonic functions. We shall as-
sume the divergence theorems from multivariable calculus (cf. Appendix D).
Also, note that if u is a harmonic function on €2 then, by Gauss divergence
theorem (cf. Theorem D.0.6),

Definition 6.4.2. Let €2 be an open subset of R" and w, = 1;(7;1_"//22) (cf. Ap-

pendiz E) be the surface area of the unit sphere S1(0) of R™.

(a) A function uw € C () is said to satisfy the first mean value property
(I-MVP) in Q if

u(x) = ! /S ( )u(y) do,  for any B,(x) C (.

wpr™1

(b) A function v € C(R2) is said to satisfy the second mean value property
(II-MVP) in Q if

u(z) = /B ( )u(y) dy  for any B.(x) C .
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FEzxercise 24. Show that u satisfies the -MVP iff

1
u(x) = —/ u(x +rz)do,.
51(0)
Similarly, u satisfies II-MVP iff
n
u(z) = —/ u(x +rz)dz.
Wn J B1(0)

FExercise 25. Show that the first MVP and second MVP are equivalent. That
is show that w satisfies (a) iff u satisfies (b).

Owing to the above exercise we shall, henceforth, refer to the I-MVP and
[I-MVP as just mean value property (MVP).

We shall now prove a result on the smoothness of a function satisfying
MVP.

Theorem 6.4.3. If u € C(QQ) satisfies the MVP in Q, then u € C>().

Proof. We first consider u. := p. * u, the convolution of v with mollifiers, as
introduced in Theorem F.0.10. where

Q= {z € Q| dist(z,00) > }.

We shall now show that u = u. for all £ > 0, due to the MVP of u and the
radial nature of p. Let x € ().. Consider

wla) = [ pla =)y
— / ( )/Js(fc —y)u(y)dy (Since supp(p.) is in B.(z))
= /o p=(r) ( 5 (x day) dr  (cf. Theorem E.0.8)

= u(x)w /5 pe(r)yr"tdr (Using MVP of u)

= o [ ([, ) @
)

=fwwéw)<>y—u@

Thus u.(x) = u(z) for all x € Q. and for all € > 0. Since u. € C*(€.) for
all € > 0 (cf. Theorem F.0.10), we have u € C*°(£2.) for all £ > 0. O
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Theorem 6.4.4. Let u be a harmonic function on ). Then u satisfies the
MVP in Q.

Proof. Let B,(z) C Q be any ball with centre at x € © and for some r > 0.
For the given harmonic function u, we set

1
v(r) = u(y) do,,.
") ém)@>y

wpr™1

Note that v is not defined at 0, since r > 0. We have from Exercise 24 that

1
v(r) = —/ u(z +rz)do,.
51(0)

Wn
Now, differentiating both sides w.r.t r, we get

d 1
do(r) _ 1 Vu(z +rz) - zdo,
d?” Wn, S1 (O)

o BT

-1
wnr” Sy ()

doy

Since |z —y| = r, by setting v := (y — ) /r as the unit vector, and applying
the Gauss divergence theorem along with the fact that v is harmonic, we get

do(r) 1 Vuly) - vde, — 1

Au(y) dy = 0.

o -1 -1
dr W™ S, () W™ Br(2)

Thus, v is a constant function of » > 0 and hence
v(r) =wv(e) Ve >0.
Moreover, since v is continuous (constant function), we have
= I
v(r) lim v ()

1
= lim — / u(x +ez)do,
$1(0

e—=0 w,,

E—

)
1
= — / limu(z +ez)do, (uis continuous on S1(0))
Wn Js1(0) €70
1

= — u(zx) do,
Wn J 5, (0)

= wu(x) (Since w, is the surface area of S1(0)).

Thus, u satisfies -MVP and hence the II-MVP. O]
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Corollary 6.4.5. If u is harmonic on ), then u € C*(Q).

The above corollary is a easy consequence of Theorem 6.4.4 and Theo-
rem 6.4.3. We shall now prove that any function satisfying MVP is harmonic.

Theorem 6.4.6. If u € C(Q) satisfies the MVP in Q, then u is harmonic
in €.

Proof. Since u satisfies MVP, by Theorem 6.4.3, v € C*(Q2). Thus, Au
makes sense. Now, suppose u is not harmonic in €2, then there is a z €
such that Au(z) # 0. Without loss of generality, let’s say Au(z) > 0.
Moreover, since Au is continuous there is a s > 0 such that, for all y € By(x),
Au(y) > 0. As done previously, we set for r > 0,

1
v(r) = e /S( )u(y) doy,.

Thus, v(r) = u(x) for all > 0 and hence v is a constant function of r and
v'(s) = 0. But

d 1
o= ) _ / Auly)dy > 0
dr W™ B
is a contradiction. Therefore, u is harmonic in 2. O

Above results leads us to conclude that a function is harmonic iff it sat-
isfies the MVP.

Exercise 26. If u,, is a sequence of harmonic functions in €2 converging to u
uniformly on compact subsets of €2, then show that u is harmonic in €.

Theorem 6.4.7 (Strong Maximum Principle). Let Q2 be an open, connected
(domain) subset of R". Let u be harmonic in Q and M = max,qu(y).
Then

u(z) <M VreQ

or u = M 1is constant in €.

Proof. We define a subset S of €2 as follows,

S:={zeQ|ux)=M}.
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If S =10, we have u(x) < M for all z € Q. Suppose S # (). Then S is closed
subset of €2, since u is continuous. Now, for any z € S, by MVP

u(z) = 1 / u(y)dy  for every r such that B,(x) C Q.
By (x)

Wpr™

Thus, we have

M = ufz) = = /B()U(y)dySM

Wpr™

Hence equality will hold above only when u(y) = M for all y € B,.(x). Thus,
we have shown that for any z € S, we have B,.(x) C S. Therefore, S is open.
Since () is connected, the only open and closed subsets are () or €. Since
S was assumed to be non-empty, we should have S = ). Thus, u = M is
constant in €. []

Corollary 6.4.8 (Weak maximum Principle). Let 2 be an open, bounded

subset of R™. Let u € C(§2) be harmonic in Q. Then

max u(y) = maxu(y).

naxu(y) = maxu(y)
Proof. Let M :=max, g u(y). If there is a z € 2 such that u(z) = M, then
u = M is constant on the connected component of €2 containing x. Thus,

u = M on the boundary of the connected component which is a part of
0. m

Aliter. Since 9 C Q, we have maxgou < maxgu. It only remains to
prove the other equality. For the given harmonic function v and for a fixed
e > 0, we set v.(v) = u(z) + ¢|z|?, for each x € Q. For each v € Q,
Av, = Au + 2ne > 0. Recall that* if a function v attains local maximum
at a point x € 2, then in each direction its second order partial derivative
Vgz; () <0, for all ¢ = 1,2,...,n. Therefore Av(z) < 0. Thus, we argue
that v. does not attain (even a local) maximum in . But v. has to have a
maximum in €, hence it should be attained at some point z* € 95, on the
boundary. For all z € Q,
* * * |2 2
u(z) <wv.(z) <wv.(2*) = u(z”) +elz*|* < gééd%{u(x) +5£Ié%%<|x| .
The above inequality is true for all € > 0. Thus, u(z) < max,cgqo u(z), for all
x € Q. Therefore, maxgu < max,cao u(r). and hence we have equality. [

4y € C?(a,b) has a local maximum at x € (a,b) then v'(z) =0 and v"(z) <0
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Theorem 6.4.9 (Estimates on derivatives). If u is harmonic in ), then

C
|Du(x)] < —lullis,@) VB.(x) C Q and each a| =k
T

where the constants Co = - and Cy, = Co(2"Ink) for k =1,2,.. ..

Proof. We prove the result by induction on k. Let £ = 0. Since « is harmonic,
by II-MVP we have, for any B,(z) C €,

n
) = | | u(y)dy\

WaT™ |/, (@)
n

< ]l
wpT Br($)
" 0

= U o = —|lu 2)-
wnr" 1,B(z) n 1,Br(x)

Now, let £ = 1. Observe that if u is harmonic then by differentiating the
Laplace equation and using the equality of mixed derivatives, we have u,, :=

g—; is harmoic, for all + = 1,2,...,n. Now, by the II-MVP of u,,, we have
n2"
@l = [y
wnr BT/Q(*T)
2n
S—_ - / uv;do,|  (by Gauss-Green theorem)
wnr ST‘/Q(I)
2n

Thus, it now remains to estimate [|ulo,s, o). Let 2 € Sy j2(x), then
B, 2(z) C B,(x) C Q.

But, using k£ = 0 result, we have

Cp2"
0(2)] < Z2 ull s, o <

n

Cp2"

Tn

[ulls.5, @)-

< Cp2™
_ Tn

Therefore, ||u||wo.s

. j2(@) |u|l1,B, (z) and using this in the estimate of u,,,
we get

Oon2n+1
|t ()] < WHUHLBT(:E)-
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Hence
o G
|D%u(x)| < Tn+1||u||1737,(x) for |a| = 1.
Let now k£ > 2 and « be a multi-index such that |a| = k. We assume the

induction hypothesis that the estimate to be proved is true for £ — 1. Note
that D% = 85—6_“ for some i € {1,2,...,n} and || = k — 1. Moreover,
if u is harmonic then by differentiating the Laplace equation and using the
equality of mixed derivatives, we have % is harmoic for + = 1,2,...,n.
Thus, following an earlier argument, we have

_nk” / 0D u(y) d
By /i(z)

D =
D ufz)] Wy, ™ ox;

ODPu(x)
833'1'

kn
_ n/ Dﬁuyiday
wnr S’r/k(w)

nk
< D%l s, e

It now only remains to estimate ||D%ullw.s, ). Let 2 € S.(x), then
Bg—1yr/k(2) C By(x) C Q. But, using induction hypothesis for k£ — 1, we
have

Okilkn—&-k—l - Ckflkn—"k_l
(e = Dyt B we) < T =gy s -

| DPu(z)] <

Therefore, using the above estimate for D%u, we get

Ckilnkn—‘rk

’Dau’(xﬂ S (k . 1)n+k,1rn+k HUHLBT(I)

COQ(nJrl)(k—l)nk(k _ 1>k—1kn+k
- (k _ 1)n+k7171n+k ||U||1,Br(x)

C0(2n+1?7//{?)k k " 1
= /r.n+k k _ 1 2n+1 ||u||1:B7‘(x)
Gkt kN
- itk 2(k — 1) 2 LBr(@)

Ci [|u| since k)L <1
prtk (LB () 20k—1)) \2) =~

IN
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Hence o
o k
D*u(w)] <~ ull g for la] =, VE > 2

O

Theorem 6.4.10 (Liouville’s Theorem). If u is bounded and harmonic on
R™, then u is constant.

Proof. For any x € R™ and r > 0, we have the estimate on the first derivative
as,

Cy
|VU($)| >~ rn+1||u”1,Br($)

2ntlp
= WHUHLBM)
2n+1n
< WHUHoo,Rnwnrn
2n+1
= ||t]|cor — 0 as r — oo.

A

Thus, Vu =0 in R” and hence u is constant. H

FEzercise 27. Show that if u is harmonic in §2, then w is analytic in . (Hint:
Use the estimates on derivatives with Stirling’s formula and Taylor expan-
sion).

We end our discussion on the properties of harmonic function with Har-
nack inequality. The Harnack inequality states that non-negative harmonic
functions cannot be very large or very small at any point without being so
everywhere in a compact set containing that point.

Theorem 6.4.11 (Harnack’s Inequality). Let u be harmonic in Q and v > 0
in S, then for each connected open subset w CC 2 there is a constant C' > 0
(depending only on w) such that

sup u(z) < C inf u(x).

TEW TEW

In particular,

%u(y) <u(x) < Culy) Vr,y € w.
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Proof. Set r := 1dist(w,d9). Let z,y € w such that |z —y| < r. By II-MVP,

n

1

n
dz = —u(y).
s, = o)

Thus, 1/2"u(y) < u(x). Interchanging the role of x and y, we get 1/2"u(x) <
u(y). Thus, 1/2"u(y) < u(z) < 2"u(y) for all z,y € w such that |z —y| < 7.

Now, let x,y € w. Since w is compact and connected in {2, we can pick
points = ¥, %, ..., &, = y such that U, B; D @, where B; := B, »(;)
and are sorted such that B; N B;.1 # 0, for i = 1,2,...,m — 1. Hence, note
that |z;11 — ;| < r. Therefore,

1 1 1 1
u(z) = u(zy) > 2—nu(x2) > 2%“(903) > .2 WU(Im) = 2(m—,1)nu(?J)
Thus, C can be chosen to be 2(m+1)n O

6.5 Existence and Uniqueness

A consequence of the maximum principle is the uniqueness of the harmonic
functions.

Theorem 6.5.1 (Uniqueness of Harmonic Functions). Let Q2 be an open,
bounded subset of R™. Let uy,uy € C*(Q)NC() be harmonic in 0 such that
Uy = ug on 0N, then uy = uy in €.

Proof. Note that u; —us is a harmonic function and hence, by weak maximum
principle, should attain its maximum on 0€2. But u; — us = 0 on 92. Thus
up — ug < 0in . Now, repeat the argument for uy — uq, we get ug —uy <0
in Q. Thus, we get u; — us = 0 in €. ]

Let u € C?(Q2) N C(Q) be a solution of the Dirichlet problem

{ Au(z) =0 x €} (6.5.1)

u(z) =g(x) x €.

By the strong maximum principle (cf. Theorem 6.4.7), if € is connected and
g >0 and g(x) > 0 for some z € 9N then u(z) > 0 for all z € (.
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Theorem 6.5.2. Let € be an open bounded connected subset of R™ and
g € C(09). Then the Dirichlet problem (6.5.1) has atmost one solution
u € C*(Q) N CQ). Moreover, if uy and uy are solution to the Dirichlet
problem corresponding to g, and go in C(0SY), respectively, then

(a) (Comparison) g1 > g2 on O and g1(xg) > go(xo) for some x € 0N
implies that uy > ug in 2.

(b) (Stability) |ui(x) — uz(z)| < maxyepn |g1(y) — 92(y)| for all x € Q.

Proof. The fact that there is atmost one solution to the Dirichlet problem
follows from the Theorem 6.5.1. Let w = u; — us. Then w is harmonic.

(a) Note that w = ¢g; — g2 > 0 on 0. Since g;(z9) > g2(xo) for some
xg € 08, then w(z) > 0 for all z € 0. This proves the comparison
result.

(b) Again, by maximum principle, we have

fw(z) < max|gi(y) — g2(y)|Vz € Q.
yeoN)

This proves the stability result.
O

We remark that the uniqueness result is not true for unbounded domains.

Ezample 6.3. Consider the problem (6.5.1) with ¢ = 0 in the domain Q =
{z € R" | |z| > 1}. Obviously, © = 0 is a solution. But we also have a

lz[*" -1 n>3.

Ezample 6.4. Consider the problem (6.5.1) with ¢ = 0 in the domain Q =
{z € R" | 2, > 0}. Obviously, u = 0 is a solution. But we also have a
non-trivial solution u(x) = z,.

We have shown above that if a solution exists for (6.5.1) then it is unique
(cf. Theorem 6.5.1). So the question that remains to be answered is on
the existence of solution of (6.5.1), for any given domain 2. In the modern
theory, there are three different methods to address this question of existence,
viz., Perron’s Method, Layer Potential (Integral Equations) and L? methods.
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6.6 Perron’s Method

Definition 6.6.1. We say a function w € C(S) is a barrier at zy € OS2 if
there is a neighbourhood U of xy such that

1. w is superharmonic in QN U
2. w>01in (QNU)\ {ze} and w(xe) = 0.

Definition 6.6.2. Any point on 02 is said to be regular (w.r.t Laplacian)
if there exists a barrier at that point.

A necessary and sufficient condition for the existence of solution to (6.5.1)
is given by the following result:

Theorem 6.6.3. The Dirichlet problem (6.5.1) is solvable for any arbitrary
bounded domain € and for any arbitrary g on 0) iff all the points in ) are
reqular.

Proof. One way is obvious. If (6.5.1) is solvable and zy € 0. Then, the

solution to
Aw =0 in
w =g on Jf,

where g(z) = |r — z¢|, is a barrier function at zy. Thus, any zy € 02
is a regular point. The converse is proved using the Perron’s method for
subharmonic functions. O

Definition 6.6.4. A bounded domain 2 C R"™ is said to satisfy the exterior
sphere condition if for every point xy € 082 there is a ball B := Bgr(y) such
that BN = Zg-

Lemma 6.6.5. If Q) satisfies the exterior sphere condition then all boundary
points of 2 are reqular.

Proof. For any xy € 0€2, we define the barrier function at zy € 9€) as

R¥™™ — |z —y|*™ forn >3
w(z) =

In (%) for n = 2.
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Theorem 6.6.6. Any bounded domain with C* boundary satisfies the exte-
rior sphere condition.

Definition 6.6.7. A bounded domain 2 C R"™ is said to satisfy the exterior
cone condition if for every point xo € 0N} there is a finite right circular cone
K with vertex at xo such that K N = x.

FExercise 28. Any domain satisfying the exterior sphere condition also satisfies
the exterior cone condition.

Exercise 29. Every bounded Lipschitz domain satisfies the exterior cone con-
dition.

Lemma 6.6.8. If ) satisfies the exterior cone condition then all boundary
points of 2 are reqular.

6.6.1 Non-existence of Solutions

In 1912, Lebesgue gave an example of a domain on which the classical Dirich-
let problem is not solvable. Let

Q= {(z,y,2) R |7+ 22 < L;r > e V% for 2 > 0}.

Note that €2 is the unit ball in R? with a sharp inward cusp, called Lebesgue
spine, at (0,0,0). The origin is a not regular point of €.

However, there do exist domains with inward cusps for which the classical
problem is solvable, for instance, consider

Q:={(z,y,2) ER?’]T2+Z2 < 1;7‘>z2k for z > 0},

for any positive integer k. The proof of this fact involves the theory of
capacities.

6.6.2 Characterizing regular points

The Wiener’s criterion gives the necessary and sufficient condition for the
regularity of the boundary points. For n > 3 and a fixed A € (0,1), the
Wiener’s criterion states that a point xy € 99 is regular iff the series

diverges, where C; := cap,{z ¢ Q | |z — x| < \'}.



CHAPTER 6. THE LAPLACIAN 142

6.7 () with Simple Geometry

The method of separation of variables was introduced by d’Alembert (1747)
and Euler (1748) for the wave equation. This technique was also employed by
Laplace (1782) and Legendre (1782) while studying the Laplace equation and
also by Fourier while studying the heat equation. The motivation behind the
“separation of variable” technique will be highlighted while studying wave
equation.

Theorem 6.7.1 (2D Rectangle). Let Q = {(z,y) e R? |0 <z < a and 0 <
y < b} be a rectangle in R%. Let g : 9Q — R which vanishes on three sides
of the rectangle, i.e., g(0,y) = g(x,0) = g(a,y) = 0 and g(z,b) = h(x) where
h is a continuous function h(0) = h(a) = 0. Then there is a unique solution
to (6.5.1) on this rectangle with given boundary value g.

Proof. We begin by looking for solution u(z, y) whose variables are separated,
ie., u(z,y) = v(r)w(y). Substituting this form of u in the Laplace equation,
we get

v'(@)w(y) + v(z)w”(y) = 0.

UN([E) B _w//<y)
v(z) w(y)
Since LHS is function of x and RHS is function y, they must equal a constant,

say A. Thus,
V') w'(y)

v(x) w(y)

Using the boundary condition on u, u(0,y) = ¢(0,y) = g(a,y) = u(a,y) =

0, we get v(0)w(y) = v(a)w(y) = 0. If w = 0, then v = 0 which is not a
solution to (6.5.1). Hence, w # 0 and v(0) = v(a) = 0. Thus, we need to

solve,
{ v"(z) = Mv(z), z€(0,a)
v(0) =wv(a) =0,

the eigen value problem for the second order differential operator. Note that
the A\ can be either zero, positive or negative.

If A =0, then v” = 0 and the general solution is v(x) = ax + 3, for some
constants a and (. Since v(0) = 0, we get § = 0, and v(a) = 0 and a # 0
implies that & = 0. Thus, v = 0 and hence v = 0. But, this can not be a
solution to (6.5.1).

Hence

=\
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If A >0, then v(z) = eV 4+ Be=VAr Equivalently,
v(z) = ¢; cosh(VAz) + ¢y sinh(VAz)

such that o = (¢1+¢2)/2 and 5 = (¢; — ¢2)/2. Using the boundary condition
v(0) =0, we get ¢; = 0 and hence

v(z) = ¢y sinh(VAx).

Now using v(a) = 0, we have ¢, sinh v Aa = 0. Thus, ¢; = 0 and v(z) = 0.
We have seen this cannot be a solution.
If A <0, then set w = v/—A. We need to solve

{ U”<l’> —|—w21}<l’) =0 YIS (0,(1) (671)

v(0) =uv(a) =0.
The general solution is
v(x) = acos(wr) + Fsin(wz).
Using the boundary condition v(0) = 0, we get a = 0 and hence v(z) =
B sin(wz). Now using v(a) = 0, we have fsinwa = 0. Thus, either § = 0
or sinwa = 0. But f = 0 does not yield a solution. Hence wa = k7w or

w = km/a, for all non-zero k € Z. Hence, for each k € N, there is a solution
(vg, Ag) for (6.7.1), with

vg(x) = B sin (k%f) ,

for some constant (3, and A\, = —(k7w/a)?. We now solve w corresponding to
each \,. For each k € N, we solve for wy in the ODE

{ wi(y) = (55) wi(y), ye(0,b)
w(0) =0.

Thus, wi(y) = ¢k sinh(kmy/a). Therefore, for each k € N,

uy, = 0, Sin (/mr_a:) sinh (@)
a a
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is a solution to (6.5.1). The general solution is of the form (principle of
superposition) (convergence?)

= k k
u(z,y) = de sin (%) sinh (%) .
k=1

The constant ¢y are obtained by using the boundary condition u(x, b) = h(x)
which yields

h(z) = ulz, b) = gak sinh (?) sin (’%‘”’”) |

Since h(0) = h(a) = 0, we know that h admits a Fourier Sine series. Thus
0y sinh (%) is the k-th Fourier sine coefficient of h, i.e.,

o (s ()2 [ e (122,

Theorem 6.7.2 (2D Disk). Let Q = {(z,y) € R? | 2> +y* < R*} be the disk
of radius R in R?. Let g : 090 — R is a continuous function. Then there is
a unique solution to (6.5.1) on the unit disk with given boundary value g.

]

Proof. Given the nature of the domain, we shall use the Laplace operator in

polar coordinates,
A 10 0 . 1 02
~ror \'or r2 062

where r is the magnitude component and 6 is the direction component. Then
0 is the circle of radius one. Then, solving for u(x,y) in the Dirichlet
problem is to equivalent to finding U(r,6) :  — R such that

22U

L) LB <0 o
U(r,0+2m) =U(r,0) inQ (6.7.2)
U(R,0) =G(0) on 0f)

where U(r,0) = u(rcos@,rsinf), G : [0,27) — R is G(0) = g(cos0,sin).
Note that both U and G are 27 periodic w.r.t 8. We will look for solution
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U(r,8) whose variables can be separated, i.e., U(r,0) = v(r)w(f) with both
v and w non-zero. Substituting it in the polar form of Laplacian, we get

wd (v vdw
rdr \ dr r2 do2
—rd (dv) _ 1 [dw
vdr\ dr)]  w\doe)’

Since LHS is a function of » and RHS is a function of #, they must equal a
constant, say A\. We need to solve the eigen value problem,

and hence

w"(0) — Aw(fd) =0 g eR
{ w(f + 2m) =w(h) V6.

Note that the A\ can be either zero, positive or negative. If A = 0, then
w” = 0 and the general solution is w(#) = af + [3, for some constants o and
(. Using the periodicity of w,

abl + B =w(d) =w(@+27) = ab +2ar +

implies that @ = 0. Thus, the pair A = 0 and w(f) = S is a solution. If

A > 0, then

w(f) = aeVN 4 eV,

If either of o and f is non-zero, then w() — +oo as § — oo, which contra-
dicts the periodicity of w. Thus, @« = f = 0 and w = 0, which cannot be a
solution. If A < 0, then set w = v/—\ and the equation becomes

w”(0) +w?w(d) =0 eR
{ w(f + 2m) =w(f) VO

Its general solution is
w(f) = acos(wh) + Bsin(wh).

Using the periodicity of w, we get w = k where k is an integer. For each
k € N, we have the solution (wy, \y) where

M = —k* and wy(0) = ay cos(kf) + By sin(k0).
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For the \.’s, we solve for vy, for each k =0,1,2,.. .,
For k = 0, we get vo(r) = alnr + S. But Inr blows up as » — 0, but any

solution U and, hence v, on the closed unit disk (compact subset) has to be
bounded. Thus, we must have the o = 0. Hence vy = 3. For k € N, we need

to solve for v, in
d dvk 19
"I (d_) = h

Use the Change of variable » = e®. Then es% =1 and di = di% = isdi.

d s ks —ks - T S
Hence r& = £y (e®) = ae™ + fe . vp(r) = ark + gr=". Since r=* blows
up as r — 0, we must have 3 = 0. Thus, vy, = arF. Therefore, for each

k=0,1,2,.. .
Ui(r,0) = apr® cos(kf) + byr® sin(k0).

The general solution is
U(r,0) = % + Z (arr” cos(kO) + byr” sin(k6)) .
k=1

To find the constants, we must use U(R, ) = G(0). If G € C'[0, 27], then G
admits Fourier series expansion. Therefore,

G(0) = % + [R*ay cos(k8) + R*by,sin (k)]
k=1
where . -
U = T G(Q) cos(k@) do,

b, = Rkﬂ'/ G(0) sin(k0) d

Using this in the formula for U and the uniform convergence of Fourier series,
we get

U(r,0) = — +

N |
\:‘
«Q
=
DO | —

k
(%) (cos kn cos kO + sin kn sin k@)] dn

M 11

(%)k cos k(n — «9)] dn.

|

3

Bl
Il

1
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Using the relation

i(%)kcosk(n—e) = Re

k=1

i (%e“"‘”)k = Re

r i(n—0
Ze (n—0)
1 — %ei(n*f?)

B R* — rRcos(n — 0) _1q
 R2+72—2rRcos(n—0)
rRcos(n —6) — r?

R? + 12 —2rRcos(n — 0)

in U(r,0) we get

R?—r? [T G(n)
Ur,8) = 27 /7r R?+ 12 —2rRcos(n —0) -

]

Note that the formula derived above for U(r, §) can be rewritten in Carte-
sian coordinates and will have the form

U(l‘): R2_|$|2/S g(y)

Y.
2R 2(0) |z — y|?

This can be easily seen, by setting y = R(x{ cosn+x2sinn), we get dy = Rdn
and |z — y|> = R+ r? — 2rRcos(n — 0). This is called the Poisson formula.
More generally, the unique solution to the Dirichlet problem on a ball of
radius R centred at xy in R" is given by Poisson formula

R? — Ix—xol2/ 9(y)
S

wn R n(zo) 1T —y["
We will derive this general form later (cf. (6.8.7)).

u(z) =

Theorem 6.7.3 (3D Sphere). Let Q = {(z,y,2) € R® | 2® + y* + 2 < 1} be
the unit sphere in R®. Let g : 0Q — R is a continuous function. Then there
is a unique solution to (6.5.1) on the unit sphere with given boundary value

g.
Proof. Given the nature of domain, the Laplace operator in spherical coor-
dinates,

RN AU S T S Y
2o or r2sin ¢ O¢ 1)) r2sin® ¢ 002
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where r is the magnitude component, ¢ is the inclination (zenith or elevation)
in the vertical plane and @ is the azimuth angle (in the direction in horizontal
plane). Solving for w in (6.5.1) is equivalent to finding U(r, ¢,0) : 2 — R
such that

7’%% (7"2%_(7{) + r2slin¢8£¢ (Sin g—g)
toges g =0 in 0 (6.7.3)
U(l, ¢7 0) = G(gb, 9) on 0N

where U(r, ¢,0) and G(¢,0) are appropriate spherical coordinate function
corresponding to u and g. We will look for solution U(r, ¢, #) whose variables
can be separated, i.e., U(r,¢,0) = v(r)w(¢)z(0) with v,w and z non-zero.
Substituting it in the spherical form of Laplacian, we get

r2 dr dr r2sin ¢ d¢ do r2sin? ¢ df?

and hence

1d [ ,dv —-1 d (. dw 1 d*z
—— || = | sSin—— | = ——— .
vdr dr wsin ¢ do d¢o zsin” ¢ d6?
Since LHS is a function of » and RHS is a function of (¢, @), they must equal

a constant, say A. If Azimuthal symmetry is present then z(6) is constant

and hence % = 0. We need to solve for w,

sin pw” (¢) + cos pw' (@) + Asin pw(p) =0, ¢ € (0,7)

Set x = cos ¢. Then j—z = —sin ¢.

d d? d
w'(¢) = —sin (b% and w”(¢) = sin® ¢d_xu?) — CoS ¢£

In the new variable x, we get the Legendre equation
(1 —z*)w"(z) — 22w/ (z) + Aw(z) =0 =z € [-1,1].

We have already seen that this is a singular problem (while studying S-L
problems). For each & € NU {0}, we have the solution (wy, A\;) where

M = k(k+1) and wi(¢) = Pr(cos ¢).
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For the \;’s, we solve for vy, for each £ =0,1,2, ...,
d dek
— — | = 1)vg.
= (r dr> k(k+ 1)uy,
For k = 0, we get vo(r) = —a/r + 3. But 1/r blows up as r — 0 and U must

be bounded in the closed sphere. Thus, we must have the a = 0. Hence
vg = f. For k € N, we need to solve for vy in

— — | = k(k+ 1.

dr (T dr ) (k4o

Use the change of variable r = €. Then esg =1 and % = %% = 8%%.

Hence rdir = d%. Solving for m in the quadratic equation m? +m = k(k+1).

my =k and my = —k — 1. vg(e®) = ek + Bel=FDs 4 (r) = ark + gr—F-1.
k

Therefore, for each k =0,1,2,.. .,
Uk (Ta ¢7 0) - akrkPk(COS ¢)

The general solution is

U(r,,0) =Y apr*Py(cos ).

k=0

Since we have azimuthal symmetry, G(¢,0) = G(¢). To find the constants,
we use U(1,¢,0) = G(¢), hence

o0

G(¢) =Y arPi(cos ¢).

k=0
Using the orthogonality of Py, we have

2k+1
Q. = 9

/7r G(¢) Py (cos ¢) sin ¢ do.
0

]

Now that we have sufficient understanding of harmonic functions, solution
of homogeneous Laplace equation, with Dirichlet boundary conditions we
next attempt to solve the inhomogeneous Laplace equation (called Poisson
equation) with homogeneous boundary conditions.
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6.8 Poisson Equation

We now wish to solve the Poisson equation, for any given f (under some
hypothesis) find u such that

—Au = fin R". (6.8.1)

Recall that we have already introduced the notion convolution of functions
(cf. Appendix F) while discussing C'* properties of harmonic functions. We
also observed that the differential operator can be accumulated on either side
of the convolution operation. Suppose there is a function K with the property
that AK is the identity of the convolution operation, i.e., f * AK = f, then
we know that v := f % K is a solution of (6.8.1).

Definition 6.8.1. We shall say a function K to be the fundamental solution
of the Laplacian, A, if AK 1is the identity with respect to the convolution
operation.

We caution that the above definition is not mathematically precise be-
cause we made no mention on what the “function” K could be and its dif-
ferentiability, even its existence is under question. We shall just take it as a
informal definition.

We note the necessry condition for any K to be a fundamental solution.
Observe that K is such that f+ AK for all f in the given space of functions
in R™. In particular, one can choose f = 1. Thus, the necessary condition
for a fundamental solution is 1 * AK =1, i.e.,

/n AK(z)dr = 1.

Equivalently, the necessary condition for K is

lim AK(z)dr =1,

T—00 BT (0)

which by Gauss divergence theorem (all informally) means

lim VK(y)-v(y)do, = 1.

r—r00 ST(O)
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6.8.1 Fundamental Solution of Laplacian

The invariance of Laplacian under rotation motivates us to look for a ra-
dial fundamental solution. Recall how Laplacian treats radial functions (cf.
Proposition 6.1.1) and, consequently, we have

Corollary 6.8.2. The function u(z) = ax + b solves Au = 0 in R. For
n > 2, if u is a radial function on R™ then Au =0 on R"\ {0} iff

a+bln|x| ifn=2,
U(QT) - b 2—n ;
a+ 57-|z| ifn>3
where a,b are some constants.

Proof. For radial functions u(x) = v(r) where r = |z|. Observe that Au(x) =
0 iff v"(r) + ("r;l)v’(r) = 0. Now, integrating both sides w.r.t r, we get

v'(r) r
Inv'(r) = (I1—n)lnr+Inbd
V() = brm

Integration both sides, once again, yields

{blnr+a fn=2
o(r) =

s=r?fa ifn #£ 2.

]

The reason to choose the domain of the Laplacian as R™ \ {0} is because
the operator involves a ‘r’ in the denominator. However, for one dimensional
case we can let zero to be on the domain of Laplacian, since for n = 1, the
Laplace operator is unchanged. Thus, for n = 1, u(z) = a+ bx is a harmonic
function in R”.

Note that as r — 0, v(r) — oco. Thus, u has a singularity at 0. In fact,
for any given vector zy € R", Au(x — o) = 0 for all z € R™\ {z}. We shall
choose a, b such that for every sphere S,.(0) about the origin, we have

/ V'(r)do = 1.
S, (0)
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Thus,

b2 for n =2
1:/ ) do = ~(27r) ) orn
S:(0)

bri="(r"tw,) forn > 3.

This is possible only for the choice

% forn =2
b=47
— forn>3.

n

The constant a can be chosen arbitrarly, but to keep things simple, we choose
a = 0 for n > 2. For convention sake, we shall add minus (“—") sign (notice
the minus sign in (6.8.1)).

Definition 6.8.3. For any fized xo € R™ We say K(xo, ), defined as

—In|z — 29| (n=2)
K(.QZO,.I) = {|z_220|2—n

wn (n—2) (’I’L = 3)’

is the fundamental solution of A at any given xy € R™.

We end this section by emphasising that the notion of fundamental so-
lution has a precise definition in terms of the Dirac measure. The Dirac
measure, at a point x € R”, is defined as,

5.(E) = 1 fzxek
0 iz ¢ E

for all measurable subsets E of the measure space R™. The Dirac measure
has the property that
/ a5, = 1
E

if x € E and zero if x ¢ E. Also, for any integrable function f,

[ fw)ds, = f(x).

In this new set-up a fundamental solution K(zg,-) can be defined as the
solution corresponding to d,,, i.e.,

—AK(xg,z) = d,, in R".
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Note that the above equation, as such, makes no sense because the RHS is a
set-function taking subsets of R™ as arguments, whereas K is a function on
R"™. To give meaning to above equation, one needs to view d, as a distribution
(introduced by L. Schwartz) and the equation should be interpreted in the
distributional derivative sense. The Dirac measure is the distributional limit
of the sequence of mollifiers, p., in the space of distributions.

6.8.2 Existence and Uniqueness

In this section, we shall give a formula for the solution of the Poisson equation
(6.8.1) in R™ in terms of the fundamental solution.

Theorem 6.8.4. For any given f € C*(R"), u := K * f is a solution to the
Poisson equation (6.8.1).

Proof. By the property of convolution (cf. proof of Theorem F.0.10), we
know that Du(x) = (K * D*f)(x) for all |a| < 2. Since f € C*(R"), we
have v € C?(R"). The difficulty arises due to the singularity of K at the
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origin. Consider, for any fixed m > 0,
Au(r) = K(y)Asf(z—y)dy
Rn

— / K(y)Auf(x —y) dy + / K(y)Auf(z —y)dy
Bun (0)

R™\ B, (0)

- / . K@)Auf(z —vy)dy + / K(y)Ayf(z —y)dy

R™\ B, (0)

- / K(y)Anf(z — ) dy + / K@)V, f(z —y) - vdo,
B (0) Sm (0)
—/ V,K(y)-Vyf(x—y)dy (cf. Corollary D.0.7)
R™\ By, (0)
_ / K(9)Auf(a —y) dy + / K@)V, f(@—y) - vdo,
B, (0) Sm(0)
s ARG ) dy
B\ By (0)
—/ flx —y)V,K(y) -vdo, (ct. Corollary D.0.7)
S (0)

_ / KW)Af(@—y)dy+ | K@)V, flz—y)-vdo,
B, (0) Sm(0)

-/ @OV ) o,
= In(z)+ Jn(z) + Kp(x).

But, due to the compact support of f, we have

()] < [|D?flloorp / K ()] dy.

B (0)

Thus, for n = 2,

m? (1
o)) < %5 (5 + 1) 1D e

and for n > 3, we have

2

m
‘[m <

2
WHD flloorn-
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Hence, as m — 0, |1,,(z)| — 0. Similarly,

@) < / KW=y vl

< IV lloze / K (y)) do,
Sm (0)
Thus, for n = 2,
[ on ()] < ] 101 || f e e

and for n > 3, we have

m

Im < V fllcorm.

| ()] < (n_2)|| flloor

Hence, as m — 0, |J,,(z)| — 0. Now, to tackle the last term K,,(z), we note
that a simple computation yields that V,K(y) = ﬁy. Since we are in

the m radius sphere |y| = m. Also the unit vector v outside of S,,(0), as a
boundary of R" \ B,,(0), is given by —y/|y| = —y/m. Therefore,

1 1
K = Sy = )
Vo) v =y Y =
Knle) = = [ fla=n)V,K@)-vds,
Sm (0)
= N (CET
 wymn! Sm (0) e

—1
= d
wWymn1 /Sm(m) fy)do

Since f is continuous, for every € > 0, there is a 6 > 0 such that |f(z) —
f(y)| < & whenever |x — y| < 6. When m — 0, we can choose m such that
m < ¢ and for this m, we see that Now, consider

Fnle) = (1G] = [10)- s [ s
WV 5 ()
1
B x)— doy .
wymn—1 /Sm(x)|f( ) — )] <e€

Thus, as m — 0, K,,(z) — —f(z). Hence, u solves (6.8.1). O
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Remark 6.8.5. Notice that in the proof above, we have used the Green’s
identity eventhough our domain is not bounded (which is a hypothesis for
Green’s identity). This can be justified by taking a ball bigger than B,,(0)
and working in the annular region, and later letting the bigger ball approach
all of R™.

A natural question at this juncture is: Is every solution of the Poisson
equation (6.8.1) of the form K * f. We answer this question in the following
theorem.

Theorem 6.8.6. Let f € C2(R™) and n > 3. If u is a solution of (6.8.1)
and u is bounded, then u has the form u(x) = (K f)(z)+C, for any x € R",
where C' is some constant.

Proof. We know that (cf. Theorem 6.8.4) u'(z) := (K * f)(x) solves (6.8.1),
the Poisson equation in R"™. Moreover, u’ is bounded for n > 3, since K (x) —
0 as |x| = oo and f has compact support in R™. Also, since u is given to be
a bounded solution of (6.8.1), v := u — u’ is a bounded harmonic function.
Hence, by Liouville’s theorem, v is constant. Therefore u = «’ + C, for some
constant C'. H

We turn our attention to studying Poisson equation in proper subsets of
R™. Let Q be an open bounded subset of R” with C'* boundary 9.

Theorem 6.8.7 (Uniqueness). Let €2 be an open bounded subset of R™. For
the Poisson equation Au = f with one of Dirichlet, Robin or Mixed condi-
tions on 09, there exists at most one solution u € C*(Q) N CY(Q). In the
Neumann problem two solutions differ by a constant.

Proof. Let u and v be solutions of the Poisson equation with same boundary
conditions on 9€). Then w := u — v is a harmonic function, Aw = 0, with
homogeneous boundary condition on 0f2. By Green’s identity D.0.7, we have

/]Vw|2dx:/ w(Vw - v) do.
0 o0

For the Drichlet, Neumann and Mixed case, the RHS is zero. For the Robin
condition the RHS is negative,

/w(Vw~1/)da:—c/ w? do < 0.
o0 o0
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Thus, in all the four boundary conditions

/ |Vw|*dz <0
Q

and Vw = 0. Therefore, w = u — v is constant in the connected components
of 2. In the case of Dirichlet, mixed and Robin the constant has to be zero,
by Maximum principle®. Thus, u = v in these three cases. ]

To begin with we shall focus on the study of Dirichlet problem. The
Dirichlet problem is stated as follows: Given f : Q — R and g : 02 — R,
find w : Q@ — R such that

—Au =f inQQ
{ w —g ondQ (6.8.2)

Lemma 6.8.8. Let f be bounded and locally Hoélder continuous® with expo-
nenty<1in Q. Thenu:=K x f € C*(Q), —Au= f in Q.

Theorem 6.8.9 (Existence). Let 2 be a bounded domain with all boundary
points being reqular w.r.t Laplacian. The classical Dirichlet problem (6.8.2) is
solvable (hence uniquely) for any bounded, locally Holder continuous function
fin Q and continuous function g on 0S2.

Proof. Recall that K is a fundamental solution of —A. Set w(x) := f* K in
R"™ then —Aw = f. Set v = u — w. Then (6.8.2) is solvable iff

—Av =0 in 2
v =g—w on Jf)

is solvable. The equation for v is solvable by Theorem 6.6.3. O

6.8.3 Green’s Function

We shall now attempt to solve the Poisson equation on a proper open subset
2 of R™. This is done via the Green’s function. We begin by motivating the
Green’s function. For any z € Q, choose m > 0 such that B,,(z) C Q. Set
Q= Q\ By(z). Now applying the second identity of Corollary D.0.7 for

Sor, simply, from the fact that a non-zero ¢ will contradict the continuous extension of

w to boundary.
6Holder continuous in each compact subset of
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any u € C?(Q) and v,(y) = K(y — ), the fundamental solution on R™\ {z},
on the domain 2,,, we get

/ u(y)Ayv.(y) dy
97

— / v (y)Ayu(y)dy =
97

/. (
_ /Q ) v (y)Ayuly) dy = /8 . (u(y)aa?(y)_vz(y)ag(yy)
A

) vz (y)Ayu(y) dy

+ /S vx(y)agiy) do, = /8 . <U(y)%1f(y)—vx(y)8g<yy)) doy

+ /Q vz (y) Ayu(y) dy

I () + Ko () + Jun(z) = /8 ) <u(y)%—K

ou(y
S0 - K- 0252 dn,
+ K(y —2)Ayu(y) dy
The LHS is handled exactly as in the proof of Theorem 6.8.4, since u is

a continuous function on the compact set Q and is bounded. We repeat the
arguments below for completeness sake. Consider the term I,,,.

()] < D]l / K(y — )] dy.

m (T

Thus,
’Im(x” < mT 2(% + ’;Ilm‘) HD2u||oo,Q for n =2
2 | D7l for n > 3.

Hence, as m — 0, |I,,(z)| — 0. Next, consider the term K,,(z). Note that
V,K(y—x) = m(y—x) Since we are in the m radius sphere |y—z| = m.
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Also the unit vector v inside of S,,(z), as a boundary of Q \ B,,(x), is given
by —(y — z)/ly — x| = —(y — x)/m. Therefore,

L yw) o= —

V,K(y—z) v=

wnmn—i—l wnmn—l :

Thus,

Kn(x) = —/S ()u(y)VyK(y—x)-I/day

—1
= d
wWymn—1 /Sm(:r) uly) oy

Since u is continuous, for every € > 0, thereisa d > 0 such that |u(z)—u(y)| <
e whenever |z — y| < 0. When m — 0, we can choose m such that m < ¢
and for this m, we see that Now, consider

1
d
wymn1 /Sm(z) uly) doy
1

- | o) - uty)do <
Sm ()

[Kom(2) = (—u(2))] = ju(z) —

wnmn—l

Thus, as m — 0, K,,,(x) — —u(z). Finally, we consider the term J,,(z),
@) < [ K0 Tt) vl
Sm(x
< Vo | 1K= doy

Thus, for n = 2,

[Jm(2)] < 725 I Vyullc,e forn > 3.

o (2)] < {m!lnmwvyuum,g for n = 2

Hence, as m — 0, |J,,(x)] — 0. Therefore, letting m — 0, we have the
identity

B ou(y) 0K
u(r) = /BQ <K(y — ) U(y)g(y - x)) day/QK(y:r)Aylzéy;c;?;
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For the Dirichlet problem, Awu is known in €2 and u is known on 0f).
Thus, (6.8.3) gives an expression for the solution u, provided we know the

normal derivative 2% a along 0f). But this quantity is usually an unknown for
Dirichlet problem. Thus, we wish to rewrite (6.8.3) such that the knowledge
of the normal derivative is not necessary. To do so, we introduce a function
Y.(y), for a fixed z € Q, as the solution of the boundary-value problem,

A¢(y) =0inQ
{ U, (y) = K(y—x) on 0Q. (6.8.4)

Now applying the second identity of Corollary D.0.7 for any u € C?(Q)
and v(y) = ¥.(y), we get

g
/ ( ad; — Yy ) dO'y = /Q (’U,Ayi/}w — %AyU) d

Therefore, substituting the following identity

Ky - 07 g, ~ [ otidaay+ [ aty 208 o

a0 ov

n (6.8.3), we get
u(x) = /Q (Vs (y) — K(y — x)) Ayudy + /aQ uV (Yu(y) — K(y — x)) - vdo,.

The identity above motivates the definition of what is called the Green’s
function.

Definition 6.8.10. For any given open subset 2 C R™ and x,y €  such
that x # y, we define the Green’s function as

G(l’,y) = ¢x(y> - K(y - x)
Rewriting (6.8.3) in terms of Green’s function,we get

u(x):/QG(x,y)Ayu(y) dy+/ u(y)% doy.

o0

Thus, in the arguments above we have proved the following theorem.
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Theorem 6.8.11. Let € be a bounded open subset of R™ with C! boundary.

Also, given f € C(Q) and g € C(Q). If u € C*Q) solves the Dirichlet
problem (6.8.2), then u has the representation

ute) == [ Gnsay+ [ g 2EY

Gy} v

do,. (6.8.5)

Observe that we have solved the Dirichlet problem (6.8.2) provided we
know the Green’s function. The construction of Green’s function depends
on the construction of v, for every x € Q. In other words, (6.8.2) is solved
if we can solve (6.8.4). Ironically, computing 1), is usually possible when €
has simple geometry. We shall identify two simple cases of €2, half-space and
balll, where we can explicitly compute G.

The Green’s function is the analogue of the fundamental solution K for
the boundary value problem. This is clear by observing that, for a fixed
x € Q, G satisfies (informally) the equation,

—AG(z,:) =0, in Q
G(z,-) =0 on 09,

where 0, is the Dirac measure at x.

Theorem 6.8.12. For all z,y € Q such that © # y, we have G(z,y) =
G(y,x), i.e., G is symmetric in x and y.

Proof. Let us fix z,y € Q. For a fixed m > 0, set Q,,, = Q\ (B, (x) UB,,(y))
and applying Green’s identity for v(-) := G(x,-) and w(-) := G(y, ), we get

[, (10757 —we%2 ) o = [ vautra:
_/Qm w(z)Av(z) dz
/89m (v(Z)alaU—(VZ) - w(z)ag(;)) do. — 0

/ ( ow c%) / ( Ov 8w>
v— —w— | do, = w— —v— | do,
S () ov v S (v) ov ov

In(y) + Kin(y).

=

s
+
=

N

O
I
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(@) < / o(2) V(=) - v do
Sm ()
< Vuln [ ol do
Sm ()
= [ Veles / W (2) — K(z — ) do..
Sm ()
Thus, for n = 2,

| Jm ()] < Crm|[Ys]|cc.0 + mf Inm]) [Vwleo

and for n > 3, we have

n— m
(@] < (" el + 72 ) IVl

Hence, as m — 0, |J,,(2)| — 0. Now, consider the term K,,(z),

= — wz@v(z) o
Kale) = = [ wix)77 do.

OK I (2)
= —(z —z)do, — do,.
/Sm(x) w(z) 5 (z—x)do /Sm(x) w(z) 5

The second term goes to zero by taking the sup-norm outside the integral.
To tackle the first term, we note that V., K(z — x) = wn|;—1x|” (z — x). Since
we are in the m radius sphere |z — x| = m. Also the unit vector v outside of
Sm(x), as a boundary of Q\ B,,,(x), is given by —(z—z)/|z—z| = —(2—x)/m.
Therefore,

1 1
V.K(z—x) -v= W(z—x) (z—x) = T
/ W(V.K (2 —2) - vd ! / (2)d
. —x)-vdo, = w(z)do,
S (@) w1 Jg,, ()

Since w is continuous in Q \ {y}, for every ¢ > 0, there is a ¢ > 0 such that
|lw(z) — w(z)| < € whenever |z — z| < §. When m — 0, we can choose m
such that m < 0 and for this m, we see that Now, consider

1
P /Sm(x) w(z)do, —w(x)

1
= — / (w(z) —w(z)|do, < e.
Sm ()

wnmn 1
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Thus, as m — 0, K,,(x) — w(z). Arguing similarly, for J,,(y) and K,,(y),
we get G(y,z) = G(z,vy). O

6.8.4 Green’s Function for half-space

In this section, we shall compute explicitly the Green’s function for positive
half-space. Thus, we shall have

Ri:{l':(:lj'l’l'%71’”)6Rn‘xn>0}

and
aRZ_ = {l’ = ($1,$2,...,1‘n} e R" ’ T :O}

To compute the Green’s function, we shall use the method of reflection.
The reflection technique ensures that the points on the boundary (along
which the reflection is done) remains unchanged to respect the imposed
Dirichlet condition.

Definition 6.8.13. For any = (21, 22,...,%,) € R, we define its reflec-
tion along its boundary R"' as x* = (z1,29,..., —T,).

It is obvious from the above definition that, for any y € OR", |y — a*| =
ly — z|. Given a fixed € R, we need to find a harmonic function 1, in
R", as in (6.8.4). But K(- — «) is harmonic in R" \ {z}. Thus, we use the
method of reflection to shift the singularity of K from R’ to the negative
half-space and define

ba(y) = K(y —a7).

By definition, 9, is harmonic in R’} and on the boundary v, (y) = K(y — ).
Therefore, we define the Green’s function to be G(z,y) = K(y —2*) — K(y —
x), for all z,y € R and  # y. It now only remains to compute the normal
derivative of G. Recall that V,K (y — z) = ———(y — ). Thus,

T wnly—zl?

-1 —x* —x
VyG(x,y) = ( J J )

wo \Jy—2*" |y —afr

Therefore, when y € JR’;, we have

—1

V,G(z,y) = m

(x —x).
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Since the outward unit normal of OR"} is v = (0,0,...,0,—1), we get

2z
v,G ="
Yy (a:,y) v wn|y—x|”

Definition 6.8.14. For all x € R"} and y € OR";, the map

22,

P(z,y) = oy — "

is called the Poisson kernel for R’ .

Now substituing for G in (6.8.5), we get the Poisson formula for u,

e) = [ [y =)~ Ky - ) ) dy+ 22 /8 W (6.8.6)

" Wn Jorn ly — x| Y

It now remains to show that the u as defined above is, indeed, a solution of
(6.8.2) for R”.

Ezercise 30. Let f € C(R) be given. Let g € C(R"') be bounded. Then
u as given in (6.8.6) is in C*(R"}) and solves (6.8.2).

6.8.5 Green’s Function for a disk

In this section, we shall compute explicitly the Green’s function for a ball of
radius 7 > 0 and centred at a € R", B,(a). As usual, we denote the surface
of the disk as S,(a), the circle of radius r centred at a. We, once again, use
the method of reflection but, this time reflected along the boundary of the
disk.

Definition 6.8.15. For any x € R" \ {a}, we define its reflection along the
r2(z—a)
+ a.

e—al?

circle Sy(a) as a* =

The idea behind reflection is clear for the unit disk, i.e., when ¢ = 0 and
r=1,as x* = IL‘Q The above definition is just the shift of origin to a and
dilating the unit disk by r.
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Now, for any y € S,(a) and x # a, consider

y—a " = ly—al’-2(y—a) (@"—a)+|2" —af
2
= -2y —a)- . + —72(17_&)
|z — af? |z — af?
r? 2 2
= |$’ a|2(|x—a| —2(y—a)(x—a)+7")
r? 2 2
— (el -2y —0) - a) = af)
_ r? 2
- |ZL' a|2’y - ’
Therefore, |I;a‘ ly—a*| = |y—x| for ally € S,(a). For each fixed z € B,(a), we

need to find a harmonic function 1, in B,(a) solving (6.8.4). Since K (- — x)
is harmonic in B,(a) \ {z}, we use the method of reflection to shift the
singularity of K at z to the complement of B,(a). Thus, we define

|z —a

baly) = K( (y—x*)) cta

r

Forn >3, K ('xr;“'(y — ;1:*)) = |’C;‘I#K(y—x*). Thus, for n > 3, 1, solves
(6.8.4), for x # a. For n = 2,

K (@(y - :c*)> _ ;—;m ('x—;a'> +K(y— ).

Hence v, solves (6.8.4) for n = 2. Note that we are yet to identify a harmonic
function v, corresponding to x = a. We do this by setting ¥, to be the

constant function
—Lnr (n=2)
¢a(y) = { 7,227171 )

wn(n—2) (TL >3

Thus, 1, is harmonic and solves (6.8.4) for x = a. Therefore, we define the
Green’s function to be

|z = af

G(z,y) = K( (y—x*)) —K(y—xz) Vaz,y€ B.(a),x#aand z #vy

r
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and

Gla,y) == { i <'yi"l> (n=2)

L=y —aP) (n>3).

We shall now compute the normal derivative of G. Recall that

—1
V,K(y—a)= —(y -
Ky —z) wnly—xln(y )
and one can compute V, K (M(y — x*)) = %(y x*). Therefore,

lz—a*"(y—a*) y-—=x
G — .
ViG(2,y) = u%[ Al Jy—af

If y € S,.(a), we have

V,G(z,y) =

-1 |z — al?

wnly — x| { r?
-1 P:{:—a|2

wyly — x|

=)~ ()]

—1} (y—a)

r2

Since the outward unit normal at any point y € S,(a) is %(y —a), we have

-1 — ql? n
V,G(z,y) v = |I a| -1 — a;)?
wn’y - x’n i=1 T
_ 2
_ r [ x a| 1]
wn|y - x|n
Definition 6.8.16. For all x € B,(a) and y € S,(a), the map
2
r’—lr—a
Pla,y) = = al

rwy|y — x|®
is called the Poisson kernel for B.(a).

Now substituing for G in (6.8.5), we get the Poisson formula for u,
r? —lz—af? 9(y)
u(z) = —/ G(z,y)f(y)dy + —/ do,. (6.8.7)
- (a) TWn ooy [y — Y
It now remains to show that the u as defined above is, indeed, a solution of
(6.8.2) for B,(a).

Ezercise 31. Let f € C(B,.(a)) be given. Let g € C(S,(a)) be bounded.
Then u as given in (6.8.7) is in C?(B,(a)) and solves (6.8.2).
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6.8.6 Conformal Mapping and Green’s Function

In two dimensions, the Green’s function has a nice connection with conformal
mapping. Let w = f(z) be a conformal mapping from an open domain
(connected) 2 C R? onto the interior of the unit circle. The Green’s function
of Q2 is

1
G(z,20) = Py In

1 - f(2)/f(20)
f(z) = f(z0)

where z = x1 + ix9 and zo = y; + 1s.

6.8.7 Dirichlet Principle

The Dirichlet principle (formulated, independently by Gauss, Lord Kelvin
and Dirichlet) states that the solution of the Dirichlet problem minimizes
the corresponding energy functional.

Let © be an open bounded subset of R" with C! boundary 9 and let
f:Q2 — Rand g: 092 — R be given. For convenience, recall the Dirichlet
problem ((6.8.2)),

—Au =f inQ
u =g on Jf2.

Any solution u of (6.8.2) isin V = {v € C?(Q) | v = g on 9Q}. The
energy functional J :V — R is defined as

J(v) ::%/Q|Vv|2dx—/ﬂfvdx

Theorem 6.8.17 (Dirichlet’s principle). A C?(Q) function u solves (6.8.2)
iff uw minimises the functional J on'V, i.e.,

Ju) < Jw) YvelV.

Proof. Let u € C%(Q) be a solution of (6.8.2). For any v € V, we multiply
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both sides of (6.8.2) by u — v and integrating we get,

/(—Au)(u—v)das = /Qf(u—v)dx

Vu-V(u—v)dr = /Qf(u—v)d:c

Q

/Q(|Vu|2 — fu) dz = /Q(vu-w — fv) dz

< /qu-Vvl—/fvdx
Q Q

1

5/ (IVul® + [Vv]?) d:t:—/fvdx

Q Q
(since 2ab < a® + b*)

J(u) < J(v).

IN

Thus, u minimises J in V. Conversely, let « minimise J in V. Thus,

J(u) < Jw) YoeV
J) < J(u+tp) (for any ¢ € C*() such that ¢ = 0 on I)
0 < %(J(u—l—tgb)—](u))
O 2wop . _
0 < t<2/ﬂ(t |Vo|* + 2tV - Vu) da t/ﬁfgzﬁdx)

Taking limit ¢ — 0 both sides, we get

OS/qu-Vudx—/fgbdx Vo € C%(Q) s.t. ¢ =0 on O
Q Q

Choosing —¢ in place of ¢ we get the reverse inequality, and we have equality
in the above. Thus,

/Vu-V¢da: = /f¢dw Vo € C*(Q) s.t. ¢ =0 on 9N
Q Q
/(—Au — flopdr = 0 Vo€ C*Q)s.t. ¢=0on 0.

Q

Thus u solves (6.8.2). O
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6.9 Neumann Boundary Condition

The Neumann problem is stated as follows: Given f: — R and g : o) —
R, find u :  — R such that

—Au =f in{)
{ 2y onon (6.9.1)
where % :=Vu-vand v = (1,...,1,) is the outward pointing unit normal

vector fli/eld of 0Q2. Thus, the boundary imposed is called the Neumann
boundary condition. The solution of a Neumann problem is not necessarily
unique. If u is any solution of (6.9.1), then u + ¢ for any constant c is also a
solution of (6.9.1). More generally, for any v such that v is constant on the
connected components of 2, u + v is a solution of (6.9.1).
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Appendix A

The Gamma Function

The gamma function I" : (0,00) — R is defined as,
['(x) :/ e " hdt Va € (0,00).
0

Note that the gamma function is defined as an improper integral and its
existence has to be justified. Observe that for a fixed x > 0,

le”i" | =e " <t V>0,

since for t > 0, |e™*| < 1. Now, since fol t*~1 dt exists, we have by comparison

test the existence of the integral fol e~ tt*=1dt. Now, for t — oo, e 1*~1 = 0
and hence the is a constant C' > 0 such that

t" et <O/t V> 1.

Since floo 1/t2 dt exists, we again have using comparison test the existence of
the integral floo e t*=1dt. In fact, the gamma function can be defined for
any complex number z € C such that Re(z) > 0.

It is worth noting that the gamma function I' generalises the notion of
factorial of positive integers. This would be the first property we shall prove.
FEzercise 32. Show that I'(z + 1) = 2I'(z). In particular, for any positive
integer n, I'(n + 1) = nl. Also, show that I'(1) = 1 and T'(1/2) = /7.
Further, for any positive integer n,

T(n+1/2) = (n—1/2)(n — 3/2) ... (1/2)/7.

(Hint: Use integration by parts and change of variable).

173
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Ezxercise 33. Show that I is continuous on (0, 00).
Ezercise 34. Show that the logarithm of I' is convex on (0, 00).

We shall now show that I' is the only possible generalisation of the notion
of factorial of positive integers satisfying the above properties.

Theorem A.0.1. Let f be positive and continuous on (0,00) and let log f
be convex on (0,00). Also, let f satisfy the recursive equation

flx+1)=af(x) Vx>0

and f(1) =1, then f(z) =I'(z) for all z > 0.



Appendix B

Normal Vector of a Surface

Let S(z,y,2z) = 0 be the equation of a surface S in R®. Let us a fix a
point py = (20, y0,20) € S. We need to find the normal vector at py for
the surface S. Let us fix an arbitrary curve C lying on the surface passing
through the point py. Let the parametrized form of the curve C' be given as
r(t) = (x(t),y(t), 2(t)) such that r(ty) = py. Since the curve C' = r(t) lies
on the surface for all t, we have S(r(t)) = 0. Thus, S(z(t),y(t),2(t)) = 0.
Differentiating w.r.t ¢ (using chain rule), we get

05 ds(t) | 05 dy(t) | 05 d=(0)
Oxr dt Jy dt 0z dt
(82, 8y, 82) - (2 (1), 4/ (2),2'(¢)) = 0
VS(r(t))-r'(t) = 0.

= 0

In particular, the above computation is true for the point py. Since r/(tg)
is the slope of the tangent at ¢y to the curve C, we see that the vector V.S (pg)
is perpendicular to the tangent vector at py. Since this argument is true for
any curve that passes through py. We have that V.S(pg) is normal vector to
the tangent plane at pg. If, in particular, the equation of the surface is given
as S(z,y,2) = u(z,y) — z, for some u : R* — R, then

VS(pO) = (Sx(po)agy(po)asz(po))
= (u$<x0ay0)’uy<x0ay0)7 —1) = (Vu(xo, 10), —1).
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Appendix C

Implicit Function Theorem

Theorem C.0.2 (Implicit Function Theorem). Let 2 C R™ xR" be an open
subset and f : Q — R™ such that f is continuously differentiable (C') in Q.
Let (xq,y0) € 2 be such that f(zo,y0) = 0 and the n x n matriz

%(%,ZJO) %(%,QO)
D, f(xo,y0) := : :

Ofn Ofn

a_il(l‘()? ?JO) e ain (x()v yO)

1s non-singular, then there is a neighbourhood U C R™ of xq and a unique
function g : U — R™ such that g(xo) = yo and, for allx € U, f(x,g(x)) = 0.
Further g is continuously differentiable in U.
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Appendix D

Divergence Theorem

Definition D.0.3. For an open set 2 C R™ we say that its boundary OS2 is
C* (k > 1), if for every point x € 99, there is a v > 0 and a C* diffeomor-
phism v : B.(z) — B1(0) (i.e. v~ ! exists and both vy and y~' are k-times
continuously differentiable) such that

1. (092N B,(x)) C B1(0)N{zx € R" | x, = 0} and
2. v(QNB.(z)) C Bi(0)Nn{x e R" | z,, > 0}

We say 02 is C> if 0Q is C* for all k = 1,2,... and 0N is analytic if v is
analytic.

Equivalently, a workable definition of C* boundary would be the follow-
ing: if for every point x € 02, there exists a neighbourhood B, of x and a
C* function ~ : R"! — R such that

QN B, ={x € B, | zp >y(x1,29,...,Tn-1)}

The divergence of a vector field is the measure of the magnitude (outgoing
nature) of all source (of the vector field) and absorption in the region. The
divergence theorem was discovered by C. F. Gauss in 1813! which relates
the outward flow (flux) of a vector field through a closed surface to the
behaviour of the vector field inside the surface (sum of all its “source” and
“sink”). The divergence theorem is, in fact, the mathematical formulation
of the conservation law.

1]J. L. Lagrange seems to have discovered this, before Gauss, in 1762
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Theorem D.0.4. Let Q) be an open bounded subset of R™ with C* boundary.

If v e CY(Q) then
v dx:/ vy; do
o O; o0

where v = (v1,...,Vy,) is the outward pointing unit normal vector field and
do is the surface measure of ).

The domain © need not be bounded provided |v| and ‘%’ decays as

|| — oo. The field of geometric measure theory attempts to identify the
precise condition on 9€) and v for which divergence theorem or integration
by parts hold.

Corollary D.0.5 (Integration by parts). Let 2 be an open bounded subset
of R™ with C* boundary. If u,v € C1(Q) then

g;jz daH—/ axl dx—/muvl/lda

Theorem D.0.6 (Gauss). Let € be an open bounded subset of R™ with C*
boundary. Given a vector field V = (vy,...,v,) on Q such that v; € C*(Q)
forall1 <i<n, then

/V~Vda::/ V- vdo. (D.0.1)
Q G

Corollary D.0.7 (Green’s Identities_). Let 2 be an open bounded subset of
R"™ with C' boundary. Let u,v € C?*(Q), then

(i)
/(vAu—i—Vv Vu) da:—/ v—da
Q

where =Vu-vand A=V - V.

N /Q@Au_m e [ (22

Proof. Apply divergence theorem to V' = vVu to get the first formula. To get
second formula apply divergence theorem for both V = vVu and V = uVwv
and subtract one from the other. m



Appendix E

Surface Area and Volume of
Disk in R"

Theorem E.0.8 (Polar coordinates). Let f : R* — R be continuous and

integrable. Then
f(z)dx :/ (/ f(y) d0y> dr
R 0 Sr(a)

for each a € R™. In particular, for each r > 0,

d
4 ( / @ dx) - [ 1,

Theorem E.0.9. Prove that

/ e g = 1.

Further, prove that the surface area w, of S1(0) in R™ is

27Tn/2

[(n/2)

and the volume of the ball B1(0) in R™ is w,/n. Consequently, for any x € R"
and the r > 0, the surface area of S,(z) is v 'w, and the volume of B,.(x)
is r"wy/n.
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Proof. We first observe that
o—mlel? — (i e?) H e

Therefore,

I, ::/ e gy = / e~ dx

n/2
e dr de) (since jacobian is r)

00 n/2
27r/ dr)
0

(

(

()
([

(

(W /O"o ¢« ds) " (by setting 72 = s)

(/OOO ¢’ dq) " (by setting 7s = q)
= (T(1)"?=1.

Let w,, denote the surface area of the unit sphere S;(0) in R™, i.e.,

Wy, = / do,
51(0)
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where do is the n — 1-dimensional surface measure. Now, consider

| = / el gy
RTL
= / e ™" dr do
S1(0) JO

2 _
= wn/ e dr
0

- O / e *s"D1ds  (by setting s = 7r?)
Qn/2 0
 wal'(n/2)
o 2qn/2
Thus, w, = I?Z’://;). We shall now compute the volume of the disk Bj;(0).

Consider,

1
/ dx:wn/ r"_ldr:&.
B1(0) 0 n

For any x € R™ and r > 0, we observe by the shifting of origin that the
surface area of S, (z) is same as the surface area of S,(0). Let S,.(0) = {s €

R"™ | |s| = r}. Now
/ dos = / r"do, = r" o,
S,«(O) 51(0)

where ¢t = s/r. Thus, the surface area of S,(z) is r" ‘w,. Similarly, volume
of a disk B,.(z) is r"w,/n. O
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Appendix F

Mbollifiers and Convolution

Exercise 35. Show that the Cauchy’s exponential function, f : R — R defined

as

exp(—z %) ifzx>0

flx) = .

0 if x <0,

is infinitely differentiable, i.e., is in C*°(R).
Using the above Cauchy’s exponential function, one can construct func-

tions in C'°(R™).
FEzercise 36. For x = (x1,...,x,) € R" show that p : R” — R defined as

cexp(ﬁ) if |z <1
ple) = .
0 if |x] > 1,

is in C'°(R™) with supp(p) = B1(0), ball with centre 0 and radius 1, where
= flaz\gl exp(ﬁ) dx.

Thus, one can introduce a sequence of functions in C°(R™), called mol-
lifiers. For € > 0, we set

ce_”exp(—_62 ) if x| <e
= =2 =fal? F.0.1
e\ .0.
pe() {O if |z] > e, ( )

Equivalently, p.(z) = e "p(z/¢e).

Ezercise 37. Show that p. > 0 and [, p-(x) dz = 1 and is in C°(R™) with
support in B.(0).
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Let f,g € LY(R™). Their convolution f * g is defined as, for z € R",

(fxg)(x) = . flz —y)g(y) dy.

The integral on RHS is well-defined, since by Fubini’s Theorem and the
translation invariance of the Lebesgue measure, we have

/ g dedy = [ |g(y)]dy / Fa—y)| dz = [lg|u]lflls < oo.
n JRn R R

Thus, for a fixed z, f(z — y)g(y) € L*(R™).

Theorem F.0.10. Let Q2 C R™ be an open subset of R™ and let
Q.= {x € Q| dist(x,00) > e}.

If u : Q — R is locally integrable, i.e., for every compact subset K C (Q,
[y lu| < 400, then ue == p. *u is in C>(€L).
Proof. Fix x € €).. Consider

mlr B Z ) L (oot hes =) e = ) ulo) dy

_ /B y %W + hei —y) — pe(a — y)uly) dy.

Now, taking lim;_.o both sides, we get

Oug(r) 1
Go = [ gleethe—y) = ple—plut)dy

8pe(x - y)
- 2P P (y) d
/B o (y) dy

(interchange of limits is due to the uniform convergence)

_ 8p5(33 — y) _ 8p€
= /Q . u(y) dy = Bz, * U.

Similarly, one can show that, for any tuple a, D%u.(x) = (D%p. * u)(x).
Thus, u. € C>(). O



Appendix G

Duhamel’s Principle

Consider the first order inhomogeneous ODE

2'(t) +ax(t) = f(t) in (0,00)
{ +0) — 0 (G.0.1)

Multiplying the integration factor e* both sides, we get
ez (t)] = e f(2)
and

t
x(t) = e‘“t/ e™ f(s)ds + ce” ™.
0

Using the initial condition x(0) = x¢, we get

t
2(t) = zpe ™ +/ e f(s) ds.
0

Notice that zge™* is a solution of the homogeneous ODE. Thus, the solution
x(t) can be given as

z(t) = S(t)xo + /0 S(t—s)f(s)ds

where S(t) is a solution operator of the linear equation, given as S(t) = e .

Consider the second order inhomogeneous ODE

2"(t) +a’x(t) = f(t) in (0,00)
z(0) = xg (G.0.2)
2'(0) = .
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We introduce a new function y such that

2'(t) = ay(t).
Then .
v =T )

and the second order ODE can be rewritten as a system of first order ODE
X'(t)+ AX(t) = F(t)

where X = (z,y), F' = (0, f/a) and

with the initial condition Xy := X (0) = (x¢,x1/a). We introduce the matrix

exponential et = $°° (A" " Then, multiplying the integration factor et

n=1 nl
both sides, we get
X (1) = eMF (1)

and .
X(t) = Xoe™ +/ AV (s) ds.
0

Notice that Xoe™* is a solution of the homogeneous ODE. Thus, the solution
X(t) can be given as

X(t)=5(t)Xo+ /t S(t—s)F(s)ds

where S(t) is a solution operator of the linear equation, given as S(t) = e~
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