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Abstract

In this paper, we establish some integral-norm estimates for lacunary-type poly-
nomials in the complex plane that are inspired by some classical Bernstein-type
inequalities that relate the sup-norm of a polynomial to that of its polar derivative on
the unit circle. The obtained results generalize some already known estimates that
relate the L’-norm of the polar derivative and the polynomial.
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1 Introduction

Let P(z) := E;l:o a;7 be a polynomial of degree n in the complex plane and P'(z) its
derivative. The study of inequalities for different norms of derivatives of a
univariate complex polynomial in terms of the polynomial norm is a classical topic
in analysis. A classical inequality that provides an estimate to the size of the
derivative of a given polynomial on the unit disk, relative to size of the polynomial
itself on the same disk is the famous Bernstein inequality [4]. It states that: if P(z) is
a polynomial of degree n, then on |z| = 1,
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IP/(2)| < nmax|P(2)]. (1)
lzl=1

Over the years, this Bernstein inequality has been generalized and extended in
several directions. In 1930, (see [5]) Bernstein himself revisited (1.1) and proved
that, for two polynomials P(z) and Q(z) with degree of P(z) not exceeding that of
0O(z) and Q(z) # 0 for |z] > 1, the inequality |P(z)| <|Q(z)| on the unit disk |z] = 1
implies the inequality of their derivatives |P'(z)| <|Q'(z)| on |z| = 1. In fact, this
inequality gives (1.1) in particular by taking Q(z) = 2" max—, |P(z)|. It is worth
mentioning that equality holds in (1.1) if and only if P(z) has all its zeros at the
origin, so it is natural to seek improvements under appropriate assumption on the
zeros of P(z). If we restrict ourselves to the class of polynomials P(z) having no zero
in |z] <1, then (1.1) can be replaced by

n
max |P'(z)] < =max |P(z2)],
max [P'(2)| < 5 max [P(2) (1.2)

Inequality (1.2) was conjectured by Erdos and later proved by Lax [13].
As a refinement of (1.2), Aziz and Dawood [2] established that if P(z) is a
polynomial of degree n not vanishing in |z| <1, then

max |P'(z )|<g{max|P( )| = min|P(z )|} (1.3)

lz|=1 |zl=1 |zl=
In 1969 (see [14]), Malik extended (1.2) and proved that if P(z) # Oin |z| <k,k > 1
then

n
P ——max |P(z).
max |P(2)] < 7 max [P(2)] (1.4)

Chan and Malik [7] generalized (1.4) and proved that if P(z) =ap+
E;l:u ajz/, ;> 1, is a polynomial of degree n having no zeros in |z| <k,k > 1, then

P(7)| < P(2)|.
r‘gafl ()|—1+kuﬁ§}i’f| (2)] (1.5)

Further, as a generalization and refinement of (1.5), Kumar and Lal [12] considered
the class of polynomials P(z) =z’ (Z/ 42 ) 1<pu<n—s50<s<n—1, of

degree n having a zero of order s at the origin and the remaining n — s zeros in
|z| > k,k>1 and established that

n + sk* (n—s) .
P < P ——— min|P(z)|. 1.
Iﬂa)f' @<= 1+ kn ﬁiﬁ(' @l kf(1+k“)\z\£| @I (16)

The above inequalities have been extended and generalized in different domains,
different norms and for different classes of functions. Zygmund [22] extended the
Bernstein-inequality (1.1) to L’-norms of P(z) as
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{Z{P'(em)vdtﬁ)}% §n{ Z|P(ei0)|?’d9}i}) 1.

As an extension of (1.2) to L"-norms, de-Bruijn [6] proved an analogue of Zyg-
mund’s result for the class of polynomials not vanishing in |z|<1. Govil and
Rahman [10] generalized and sharpened the inequality due to de-Bruijn for poly-
nomials of degree n not vanishing in |z| <k, k>1 and for any y > 1. Gardner and
Weems [9] not only generalized the above result of Govil and Rahman to lacunary-
tpye of polynomials but also validated it for 0 <y <1 as well. As mentioned earlier,
different versions of Bernstein-type inequalities have appeared in the literature in
more generalized forms in which the underlying polynomials are replaced by more
general classes of functions. The one such generalization is moving from the
ordinary derivative to their polar derivative. Before mentioning few such general-
izations of the said inequalities, let us first introduce the concept of the polar
derivative involved. For a polynomial P(z) of degree n, we define

D,P(z) := nP(z) + (2 — 2)P'(2),

the polar derivative of P(z) with respect to the point o.. The polynomial D,P(z) is of
degree at most n — 1 and it generalizes the ordinary derivative in the sense that

lim D.P(z) =P(z
{22 —pe)

o°—00 oL

uniformly with respect to z for |z| <R, R > 0.

Aziz [1] was among the first to extend some Bernstein-type inequalities by
replacing the ordinary derivative with the polar derivative of polynomial. The latest
research and development on this topic can be found in the papers
[11, 15-17, 19, 20]. In fact, in 1988, Aziz [1] proved that if P(z) is a polynomial
of degree n and P(z) # 0 in |z| <1, then for any complex number o with |a] > 1,

max |D,P(z)| <n (MTH) max |P(z)|. (1.7)

Very recently, Mir and Wani [20] extended (1.6) to the polar derivative of a
polynomial and proved that if P(z) = 7* (Z;Z/j ajzj> JA<u<n—s5,0<s<n-—1,is

a polynomial of degree n having a zero of order s at the origin and the remaining
n — s zeros in |z| >k, k > 1 then for any complex number o with |a| > 1,

n(le + k) + s(|o] — 1)k
D,P(z)| < P
max [D,P(z)| < T max |P(2)]

(n—s)(jel = 1)

I ) in |P(2).
ol k) Pl

(1.8)

Mir and Baba [18] proved the following L’-integral inequality which not only
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provides L’-analogue of (1.3) and (1.7) but also provides a refinement of (1.7) as
well.

Theorem A If P(z) is a polynomial of degree n not vanishing in |z| <1, then for any
complex numbers o, 6 with |oa| > 1, |6| <1 and y > 0,

2n
0

do

. . —1\/
D, P (") + mné( ‘“|2 )

1

n(|o| + 1) /\P N0y (1.9)

where
1

it th

andm = ‘n‘nn\P()\
zl=1

Further, Mir and Wani [17] proved a similar type of inequality as in (1.9) by using a
parameter [} and established the following generalization of (1.7).

Theorem B  If P(z) is a polynomial of degree n not vanishing in |z| <1, then for any
complex numbers o, § with |o| > 1,|f| <1 and y > 0,

1
2n v

/ eioDaP(eio) + nﬁ(—'alz_ ! )P(em) ‘ydﬁ
0
2n

<n (Ioc|+1)+|ﬁ(|oc|—1)}3y{ [lpenfaot. o

0

1

where B, is as defined in Theorem A.

Note: Taking 6 =0 in Theorem A or f =0 in Theorem B, we get the L’-
analogue of (1.7). Dividing both sides of (1.9) by |«| and letting || — oo, we get the
corresponding L’-analogue of (1.3).

The authors are curious to know how the above mentioned inequalities in
Theorems A and B, as well as some other inequalities, can be obtained from a
general integral inequality. Indeed, this paper is mainly motivated by the desire to
establish some more general Zygmund-type inequalities that extend (1.6) and (1.8)—
(1.10).
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2 Main results

Here, we prove the following generalization of Theorems A and B by considering
the lacunary-type of polynomials not vanishing in a disk. As special cases, some
known inequalities that relate the sup-norm of the derivative of a polynomial on the
unit circle to that of the polynomial itself will be the consequences from the more
fundamental inequality presented by the following theorem.

Theorem 1 If P(z) = ap + Z]'.l:” ajz/,1 < pu<n, is a polynomial of degree n having
no zeros in |z| <k,k >1, then for any complex numbers o, 5,0 with |o| > 1,]| <1
and y>1,

2n

0
2n

<n{(lof + &) + |B[(Je] = 1}IC, (K p) /IP(ei9)|7'd9 ; (2.1)

0

Y

do

i0 i0 lof =1 Jof — 1 i0
e"'D,P(e )—ané(l Jrk“) +n/3(—1 v P(e")

where

2n

1 .
Cy(k, 1) = ﬂ/ ‘k”-i-elO
0

‘a0l

and m = miny,_ |P(z)].

In the limiting case, when 7 — oo, the result is best possible and equality holds in
(2.1) for P(z) = (z* + k*)*, where n is a multiple of x and o> 1 with ff = 0.

Taking # = 0 in Theorem 1, we get the following generalization of Theorem A
for y> 1.

Corollary 1 IfP(z) = ap + ZJ'.':# ajz/,1 < pu<n, is a polynomial of degree n having
no zeros in |z| <k,k > 1, then for any complex numbers o, 0 with |o| > 1,]6| <1 and
y=1,

2n

/

0

i0 i0 |of = T\
e"D,P(e )+mn5( 0 +kl‘>‘ do

do

<n(la + &G, k)] [ Pl doy (22)
0

where m and C,(k, i) are as defined in Theorem 1.
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In the limiting case, when y — o0, the result is best possible and equality holds in
(2.2) for P(z) = (z* + k*)#, where n is a multiple of x and o> 1.

Remark 1 1If we divide both sides of (2.2) by || and let |a| — oo, we get a result of

Aziz and Shah [3]. If we let y — oo in (2.2), noting that C, — 5z and choose the
argument of ¢ with |§] = 1 suitably, we get a result of Dewan et al. [8, Corollary 1].

For k = p =1, (2.2) reduces to (1.9).

If we take 6 =0 in Theorem 1, we get the following generalization of
Theorem B.

Corollary 2 If P(z) = a0+ > 7, a7, 1<p<n, is a polynomial of degree n and
P(z) #0in |z| <k,k > 1, then for any complex number o, § with |a| > 1 and y > 1,

1

2n

) ) —1 A )
/ |e’0D1P(e’0) + nﬁ<|1a|+ kﬂ)P(e’U) ’/dQ
0

1

<n{(lof + &) + |Bl(Je] = 1)}IC, (K, 1) /|P(6"9)|yd9 » (23
0

where C,(k, 1) is as defined in Theorem 1.

Remark 2 For k = u = 1, the above corollary reduces to Theorem B when || < 1.
Dividing both sides of (2.3) by |«| and let || — oo, we get the following result.

Corollary 3 IfP(z) = ap + Z;l:u a7/, 1 <u<n, is a polynomial of degree n having
no zeros in |z| <k,k > 1, then for any complex numbers f with and y> 1,

1

2n
i0 i0 np i0 !
/e P'(e )—i—mP(e )| a0
0
2n 7
<n(|f| + k")C, (k, ) / |P(e)|'d0 3 (2.4)
0

where C,(k, ) is as defined in Theorem 1.

Remark 3 The above inequality (2.4) generalizes a result of Mir and Wani [17] and
some inequalities obtained by de-Bruijn [6] as well as Rahman and Schmeisser [21].

Remark 4 1f we take f§ = 6 = 0 in Theorem 1, we get the polar derivative analogue
of an L’-inequality due to Gardner and Weems [9].

Finally, we shall prove the following L"-analogue of (1.8). As a special case our
result extends (1.6) as well.
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Theorem 2 If P(z) =7 (ao + EJ":_: a_,-zj), 1<u<n-—s,0<s<n-—1, is a poly-

nomial of degree n having s-fold zeros at the origin and the remaining n — s zeros in
|z| > k,k > 1, then for any complex numbers o, 0 with |oa| > 1,]0| <1 and y>1,

1
2n ¥

[ ey ML

0
2n i

< {(n— )(Ja + K)C,(k, ) + |} /|P(ef6)y"d9 o 2s)
0

where m and C,(k, u) are as defined in Theorem 1.

Remark 5 For s = 0, Theorem 2 reduces to Corollary 1. If we let y — oo in (2.5),

noting that C,(k, 1) — 1 and choose the argument of & with 5| = 1 suitably, we

get (1.8). If we divide both sides of (2.5) by |x| and let |¢| — oo, we get the
L7 —analogue of (1.6).

Remark 6 The inequality (2.2) was also recently proved by Mir [16] and for ¢ = 0,
the inequality (2.5) was established by Mir [15].

3 Auxiliary results

We need the following lemmas to prove our theorems. The first lemma is due to
Aziz and Shah [3].

Lemma 1 If P(z) = ao + Z}Lﬂ aj7, 1 <p<n, is a polynomial of degree n having
no zeros in |z| <k,k>1, then on |z| = 1

kP () <1Q'(2)| - nmin|P(z)]

where Q(z) = z"@.

Lemma 2 Let p, q be any two positive real numbers such that (g — h) > (p + h)x,
where h >0 and x> 1. If f is any real number such that 0 < § <2, then

[(q —h) + (p+ m)y] |+ | < (x + y) g + pe”|, (3.1)
for any y> 1.

The above lemma was recently proved by the first author [16].

Lemma 3 If P(z) is a polynomial of degree n and Q(z) = Z”P(
y > 0 and f real,

), then for every

1
z
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2n 2n .
/ /|Q’(€i9) + eiﬁP/(eiG)|”/d9d[)’§2nn7/|P(ei9) 7 40.
0 0 )

The above lemma is again due to Aziz and Shah [3].

4 Proofs of Theorems

Proof of Theorem 1 Recall that P(z) =ap+ ) ., @7 #0 in |z|<kk>1. If

0(z) = Z'P(), then P(z) = z"Q(1) and it can be easily verified that for 0 < 0 <2,
nP(e") — &P/ () = "0 (ei0). (4.1)
For any complex number o and 0 < 0 <27, we have
D,P(e") = nP(e") + (o — &) P/ ("),
which on using (4.1) gives,
[DP ()| <[nP (") — &P/ ()| + o] [P ()]
= [€/(e")] + 1P (e)]

Now for y>1 and f,0 € C with || <1 and real ¢, we have by Minkwoski’s
inequality,

(4.2)
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o T 0 o] — 1
{/0 dt/o e DaP(e )—|—5mn(1+k#>
+nﬂ(|f‘|+ki)P(e“’)|yd9}%
2n 21 1
[ () om0
+np ('1 |+_kﬂ> P(e)['d0dr}’
2n 2n
S
2n 2m
+alplla =13 [
0 0

2n 2n 0 o R %
< { / / "D, P(e”) + 5mn<|1°C | 1) ‘/dﬂdt}
0 0

ke
+nlB(Ja] — 1)(2n) /‘p(em)(”de . 4.3)
0

K+ et

4 e

1
it|7] i0 i0 ol = 1\ !
K+ ¢"|"|e”D,P(e )+5mn<l +k”>’ d@dl‘}

y

k4 €'t

P(") ‘ydOdt

K+ e

Again, since P(z) =ao + > 7, aj7 # 0in |z| <k,k>1, by Lemma 1, we have for
0<0<2m,

kP ()| < |Q' ()] — mn,

which is equivalent to

i i mn
e 9>|+1+ku}<|g'<e“>|—1+ku.

This gives by taking g =|Q'(e")|,p = |P'(e)|,h = 2
|| > 1 in Lemma 2, we get for ¢ real that

{(|Q( gl _1+ku> +“|<‘Pl( ) >}‘k#+en| (4.4)
< (k4 oD]|Q(7)| + €"|P ()]

On applying (4.2) and (4.4), we get for each y> 1,0 € C with |6] <1 and ¢ real,

x=k*>1 and y=
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2n

Tt / UDaP(e“’)) +mn<|1a|+_ki>Yd9

i0 o] — 1N]7
D,P(e )’+mn(1+kﬂ>} dtdo

2n
/ ‘k" + €
0

2n 2n

K4 ett|

2n 2n
B _ Y
g//W+JWMwwwva+m%%ﬁmdm

K+ e

(Il -

mn ()i mn \]’
0 +k”> + |oc|<‘P (") + ; +kﬂ)] dtd0
2n 2nm

7 [ [l )]+t )] aso
0

0

< (K" + |o

(4.5)

Observe that for every y > 1 and a,b € C with ¢ real (see [11]), we have

2n 2n
/ |a+e'b|'dt = / ||a| + €"|b]|"dr. (4.6)
0 0

Inequality (4.5) gives with the help of (4.6) and Lemma 3 for each y > 1, ¢ real and
2n | | N

v ; of =1\ |’

dt/ UDQP(e’O)‘ +mn(1 +k!‘>] do

o > 1,
21
/ ‘k“ + e
0 0

) 2n 2n
<@y [ f
0 0

2n

< (K" + |o|) 270’ / P(e") ‘Vde.
0

Q/(eie) +eizP1(ei0)’7dtd0

On using the obvious inequality

. 4 al — 1 i 1
¢'D,P(e") + dmn <1 |+ kﬂ> <ID:P(e?)] +mn <|1 |+ k”) ’

for |§| < 1in (4.7) and raising the power % on both sides and then using in (4.3) gives
(2.1). This completes the proof of Theorem 1. U

Proof of Theorem 2 1f P(z) = 2’$(z), where ¢(z) = ao + > a7, 1 <pu<n—s.
Applying inequality (4.7) to the polynomial ¢(z), we get for |«| > 1 and y> 1,
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il

D:4(2)| L =)o = 1)}110}

(1+4&m)
% (438)
(n = $)(17] + k¥) ,
s / |p(e)]|"a0 5
{zif ki + i dt} 0
where m' = minj;— |(2)] = g ming— [P(2)]
Now
D,P(z) = nP(z) + (x = 2)P'(2)
= 2Dy (z) + asz* (),
which implies
D,P(z) = 7' D,y (2) + asP(z). (4.9)

Hence for 0 < 0<2mn, we get from (4.9) that
|Dap<ei6)} — |ei(s+l)HDa¢(ei6) + O(sp(eif')) |
<Dy ()] + slal[P(e”)],

which gives by using Minkowski’s inequality for y > 1,

2n
{ / o
21
2
0

1

+mm—mm—nyw}

ks(1 + k+)

D.o(e")] +%+s|a|yp(ef0)\] a0

0
(4.10)

Using (4.8) in (4.10) and noting that |¢(e?)| = [e*?p ()| = |P(e'?)], it follows that

for every |¢| > 1 and y>1
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2n

[ e

N (4.11)

— K o
< { gy L (e
et N
0
Now using the fact for |6| <1,

dm(n — s)(lo]
o (1 + ki)

kt + et

m(n —s)(lo| = 1)

Db () + NI

D ’ < |DP(e?)| +

in (4.11), we get (2.5). This completes the proof of Theorem 2. O
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