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Abstract

The project dissertation comprises four chapters that focuses on constant mean
and constant Gaussian curvature surfaces in three dimensional spaces. The first chap-
ter provides an introductory overview of the differential geometry of surfaces in three-
dimensional spaces.

In the second chapter, we discuss the classification of minimal and constant mean
curvature translation surface in Euclidean 3-space E3. We also discuss the affine minimal
and constant mean curvature translation surface.

In the third chapter, we discuss the translation surfaces with zero and non-zero con-
stant mean curvature and non-zero constant Gaussian curvature in Minkowski 3-spaces.
We also discuss the affine translation surface with zero mean curvature in the same space
of E f’ .

In the last chapter, we take into consideration the upper half plane model of hy-
perbolic space H> and discuss the classification of minimal translation surfaces in this

setting.
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Chapter

Preliminaries

Introduction

In this chapter, we give a brief introduction to the differential geometry of surfaces in
three-dimensional spaces. The main purpose of this chapter is to provide the basic no-
tions of differential geometry and with the essential formulas that will be needed in the
upcoming chapters. Most of the notions, formulas and definitions in this chapter are in-
cluded in consultation with [1, 2, 3, 4, 5, 6, 7, 8, 9].

Let E3 be the 3-dimensional Euclidean space with the metric
<, >=dx* +dy* +d2°.

We denote a regular surface S in E> by r(x,y) = (X (x,y),Y (x,y),Z(x,y)), and is obtained
by taking pieces of a plane, deforming them, and arranging them in such a way that the
resulting figure has no sharp points, edges, or self-intersections and so that it makes sense
to speak of a tangent plane at points of the figure. The idea is to define a set that is, in a
certain sense, two-dimensional and that also is smooth enough so that the usual notions

of calculus can be extended to it.



Preliminaries

Definition 1.0.1. A subset S C R is a regular suface if, for each p € S, there exists a
neighbourhood V in R® and amap r:U — VNS CR3 of an open set U C R? onto
VNS c R3 such that

1. r is differentiable. This means that if we write

r(x,y) = (X(x,y),Y(x,y),Z(x,y)), (xy) €U,

the functions X (x,y), Y (x,y), Z(x,y) have continuous partial derivatives of all orders in
U.

2. r is homeomorphism. Since r is continuous by condition 1, this means that r has an
inverse r=' : VNS — U, which is continuous.

3. For each q € U, the differential dr, : R? — R3 is one to one.

Definition 1.0.2. Let S be a regular surface, p € S, consider all the curves defined on S
passing through p. We define the tangent plane at p denoted by T,S as the vector space

of dimension 2 which contains all vectors tangent to the family of curves at point p.
Definition 1.0.3. Let p € S and w € T,S, the quadratic form I, : T,S — R, defined by:
2
I(w) = (w, w) = [lw|" >0,

is called the first fundamental form of the regular surface S at p.

If r, and r, are the partial derivatives with respect to (w.r.t) x and y respectively,
then the first fundamental form can be expressed in the base {ry,r,} associated with a

parametrization r(x,y) at p as follows:
Letw=a/(0) = rox’ +ryy € T)S.
Then

Iy(w) = (rex +ry' ' + 1))
= E(x’)2 +2FXy + G(y’)z,



Preliminaries

where E = (ry,rc ), F = (ry, 1y ) and G = ( ry,ry ) are the coefficients of the first funda-

mental form in the base {ry,r,} of T),S.

Definition 1.0.4. A regular surface S is orientable if it is possible to cover S with a family
of coordinate neighbourhoods so that if a point p € S is in two neighbourhoods of this
family, then the change of coordinates has positive Jocobian at p. The choice of family
that satisfies this condition is called an orientation of S and S is called oriented. If it is

not possible to find such a family, then S is called non-orientable.

Fix a parametrization r : U C R? — S, we calculate the normal vector at each point (U )
as

Iy X1y

N(g) = ——(9)-

x|

Definition 1.0.5. Let S C R3 be a surface with an orientation, we have the Gauss map

N:S — 8% C R? defined to be p — N(p).

The Gauss map can be defined (globally) if and only if the surface is orientable. The
Gauss map can always be defined locally (that is on a small piece of the surface).
The differential of the Gauss map dN,, : T,§ — T),S is a self-adjoint linear operator.
That is
(dNp(w1),w2 ) = (w1,dN,(w2) ), wi,wa €T,S.

Therefore, we can associate dN,, with a quadratic form Q in 7,,S given by
Q(w) = (dNp(w),w), weT,S.
Definition 1.0.6. Let p € S, the quadratic form Il : T,S — R defined by
1, = —(dNp(w),w)

is called the second fundamental form of the regular surface S at p.
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The second fundamental form can be expressed in the base {ry,r,} associated with a
parametrization r(x,y). In fact, let N be the normal vector to S at p € S and o(s) =
r(x(s),y(s)) a parameterized curve in S with a(0) = p. Therefore, the tangent vector to
a(s) at p is o’ = rex +ryy'. If we indicate by N the restriction of normal vector to the
curve a(s), we have

(N(s),d/(s) ) =0.

This implies that
(N(s),a"(s) ) = —(N'(s),0(s) ).

Letw=a/(0) = rox’ +ryy € T)S.
Then

—(N(0), rae(X)? + red” 4+ 21!y 4 1y (/)% = 1yy").
Since (N, ry) = (N,ry,) =0, it follows that
11,(w) = L(x)* +2Mx'y + N(')?, (1.0.1)

where L = (N, ry), M = (N, ryy) and N = (N, ry,) are the coefficients of the second fun-
damental form in the base {ry, ry} of T),S. Also ryy, ryy and ry, are the second order partial

derivatives of r(x,y) w.r.t. x and y.

10
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Equation (1.0.1) is also written as

11 = Ldx? 4+ 2Mdxdy + Ndy?,

1
L=—————det(r,ry, ),
|EG — F2| (e, 1y 7)
M= ———det(ry, 1y, I'y),
|EG—F2| (x y Xy)
N = ———det(ry,ry,1yy).

VIEG —F?]

Definition 1.0.7. Let p € S and let dN, : T,S — TpS be the differential of the Gauss map.
The determinant of dN, is called Gaussian curvature K of S at p and the half of trace of
dN, is called as mean curvature H of S at p defined as

oo LN —M? 1 _ LG—2MF +NE
- EG-F?’ ~ 2(EG-F?)

(1.0.2)
respectively. Also for K =0, H = 0, the surface is called as developable and minimal

surface, respectively.

Definition 1.0.8. A surface S in E3 is called a translation surface, if it can be parameter-
ized by
V(X,y) = (xayaf('x) +g(y))7

where f and g are smooth functions of x and y respectively.

Definition 1.0.9. A generalized notion of translation surface appear in the form of affine

translation surface and is defined as:
r(x,y) = (X(x,),Y (x,y),Z(x,y))
= (%, f(x) +g(y+ax))
for some non zero constant a.

Definition 1.0.10. The Minkowski space is the space E; = (R3,(,)), where the metric {,)
is
(u,v) =wvi+uvo —uzvs, u=(ur,uz,u3),v=(vi,v2,v3),

11
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which is called the Lorentzian metric.

Definition 1.0.11. A vectorv € Ef’ is said to be
(1) spacelike if (v,v) > 0 orv =0,

(2) timelike if (v,v) < 0 and

(3) lightlike if (v,v) =0 orv #0.

Definition 1.0.12. A Hyperbolic 3-space denoted by H3, is defined to be a 3 dimensional
complete, simply connected space form with a sectional curvature of -1.

A Hyperbolic 3 space has various models and in this work we deal with the half-space

model of H3 defined below.

Definition 1.0.13. A half-space model of the hyperbolic space H? is denoted by ]RfL and
it is defined by
R = {(x,y,2) € R}z >0}.

The metric of Ri is given by the following line element

B dx* +dy?* + dz?
= 2 )

ds?

Definition 1.0.14. A unit normal vector field n to S with respect to the hyperbolic metric
determines a unit normal vector field N to S with respect to the Euclidean metric by the
relation N = 7.

The hyperbolic principal curvatures ks are related to the Euclidean principal curvatures
ki by

ki = zki + N3,

where N3 is the third component of the unit normal vector N. If we denote by H and H,
the hyperbolic and Euclidean mean curvature on a surface S respectively, we have the

relation

H(X,y,Z) :ZHE(x7y7Z)+N3<x7y7Z)' (103)

12
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Definition 1.0.15. Consider the half-space model of H>. A surface S in hyperbolic space

H3 is a translation surface if it is given by r: U C R*> — Ri and is written as

r(x,y) = (x,y, f(x) +g(v)), (x,y) €U (typel), (1.0.4)

r(x,z) = (x, f(x) +£(2),2), (x,z) €U (typell), (1.0.5)

where f and g are smooth functions on open subsets of R.

13



Chapter 2

Translation surfaces in Euclidean 3-space

E3

In this chapter, we discuss the classification of minimal and constant mean curvature trans-
lation surface in Euclidean 3-space E3. We also discuss the affine minimal and constant

mean curvature translation surface. This chapter is a survey of the articles in [4, 5, 6, 9].

Theorem 2.0.1. Let S be a translation surface with zero mean curvature in 3-dimensional

Euclidean space E3. Then S is congruent to the following surface

1

coslax
I"(_X,',y) = (x7y7510g ( )

), 0#acR.

cos(ay)

Proof. Consider the translation surface parameterized as

r(x,y) = (x,5, f(x) +g(y)). (2.0.1)

Thus
Fx = (I,O,f/(X)), Fy = (07 lvgl(y))7
rxx:(0,0,f”(x), ryy:<070,g”(y)), ryx:rxy:(oa()?o)‘

14



Translation surfaces in Euclidean 3-space E>

Hence
E:rx'rx:1+f/<x)27 F:rx'ry:f/(x)gl(y): G:ry'ry:1+gl<y)2'
Also
EG—F*=(1+/'(x)*) (1+8' (7)) = /(0’6 (0)° = 1+ [ (x)* +5'(»)*.
Now, we have
i j k
x X1y = 1 0 f,(X) :(_f/(x)7_gl(y)71)
01 g

Thus the unit normal N is obtained as

N: <_f/7_g/71)
/1+f/2+g/2
Also
/!
/1+f/2+g/2
M=ry -N=0,
"
N=ry -N= g

Therefore on substituting the values of first and second fundamental form coefficients in

(1.0.2), we obtain
B f”(1+g’2)+g”(1+f’2)

H
21+ 72 +47)

(2.0.2)

For H = 0, we have

f”(l—l—glz)—i—g//(l—f—f/z):(),

or
g// f//
(T+g2)  (T+77)

15
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Since f and g are independently the functions of x and y alone respectively, so we have

two cases:

Case I:

1+g/2_

1 12
+/ =0 and =0,

f// g//
which gives

f(x)=c1+wx and g(y)=crt1y.

Thus r(x,y) = (x,y,c1x+ ¢y + ¢3), which is congruent to a plane.

Case II:
f// g//
TfQ = —a and rglz =

where a is a non-zero constant.

a,

Solving these two, we get
1
flx)= P log|cos(ax+ci)|+ca
and

1
g(y)::Cz-510g|005(ay-F61)h

Hence

z=ﬂﬂ+ﬂw=5

Setting ¢, = 0, we can write
1 1
z= —log|cos(ax)| — —log|cos(ay)|,
a a

or
1

z=—log
a

cos(ax)
cos(ay) |

This proves the theorem.

1
[log|cos(ax+ c1)| —log|cos(ay — c1)|] + 2¢3.

(2.0.3)

(2.0.4)

]

Remark:The surface (2.0.4) is called as Scherk Surface which is the minimal surface of

the form (2.0.1). Next, we discuss the classification of affine minimal translation surface.
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Translation surfaces in Euclidean 3-space E>

Theorem 2.0.2. Let r(x,y) = (x,y,z(x,y)) be a minimal affine translation surface in Eu-

clidean 3-space. Then either z(x,y) is linear or can be written as

1 cos(cvV' 1+ a’x)
2x.y) = ¢ cosle(y+ax)] |’ (2.0.5

where a and ¢ are constants and ac # 0.

Proof. Let r(x,y) = (x,y, f(x) +g(y+ax)), a # 0 be an affine translation surface.

Therefore
re=(1,0,f'(x) +ag (y+ax)), r, = (0,1,¢' (y + ax)),
e = (0,0, £ (x) + a?g" (y+ax)), ryy = (0,0,8" (y +ax)),
ry = (0,0,ag" (y + ax).
Hence

E:rx‘rle—l—(f'—l—ag/)z, F=ryr= (f’—l—ag')g/, G:ry-ryzl—i—g’z,

where f/ = f'(x) and ¢’ = ¢’ (y +ax).

Now
2
EG—_F2— [1+(f/+ag/) ] [1+g’2} _ [(f/—kag')zg/z}
= (1+g%)+(f'+ag)*(1+8% —g"),
or
EG—F>=1+(f'4ag)*+¢>. (2.0.6)
Hence, we have
Fx X Iy rexry  (—f'—ag,—¢g1)

N= = .
lrexnll VEG=F2  \/1+(f +ag')>+ 47>

Therefore
f// + az g//
V1+(f +ag)?+g?

17
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Translation surfaces in Euclidean 3-space E>

1/

M a8
=r ,
T VI (F rag)P 87

"

N =ry, g

\/1 +(f' +ag)?+g?
Now

LG —2MF +NE = (f"+a°g")(1+¢"”) —2ag"g (f' +ag') +&"(1+ [ +a°g* +2af'g").
(2.0.7)
Thus from (1.0.2), H = 0 takes the following form

(f"+a*g")(1+87) —2ag"s (f +ag") +g"(1+ f* +a*g” + 2af'g') =

or

f"(1+g’ )+a2g//+g +f/2 " _ ’

or
f"(l+g’2)+g"(l+a2+f’2) —0.
The above can be rewritten as

f// g//
—+ =
1—|—a2+f’2 1+g/2

(2.0.8)

Differentiating (2.0.8) w.r.t. y, we get

d g’ d
- -0
d(y+ax) <1+g’2) dy(y+ax) ’

that is

d g//
—=0. 2.0.9
d(y+ax) <1+g’2) (209

Again differentiating (2.0.8) w.r.t. x, we get

d f// d g// d
- — 0,
dx(1+a2+f’2)+d(y+ax) <1+g'2 e =

or

d f// d g//
— | — =0. 2.0.10
dx<l+a2+f’2)+ad(y+ax) (14—g’2 ( )

18
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Using (2.0.9) in (2.0.10), we get
d /!
aif_ 7 \_,
dx (1 +a2+f’2)

f// g//
1+a2+f/2 :—1_|_g/2 -

Therefore, we have

_C,

where c is constant.
Ifc=0then f/=g"=0 thatis f=ax+cyandg=>hby+c;
Hence r(x,y) is a plane.

If ¢ # 0 then
f// B
1+a2+f/2 -

_C7

which gives
log ‘cos (\/a2 - l(cx—Hq)) ‘
c

flx) =

where k| and k; are constants.

+k27

Setting constants feasibly, we get

log ’cos(cx/ 1 +a2x)‘

£ -
Now for .
which gives
o(y+ax) = ky —log|cos(c(y+ax) +ki)| ‘

c

Again setting constants feasibly, we get

_log|cos(c(y+ax)) |

g(y+ax) = " :
Therefore
1 cos(cv' 1+ a’x)
= -1 .
) +8(y+ax) ¢ 08 cos(c(y+ax))

That proves the result.

19



Translation surfaces in Euclidean 3-space E>

Theorem 2.0.3. Let S be a translation surface with constant Gaussian curvature K in

3-dimensional Euclidean space E3. Then S is congruent to a cylinder.

Proof. In E3, by a transformation the translation surface S can be written as

z=g(x) —h(y).
That is
r(x,y) = (x,y,8(x) = h(y)). (2.0.11)
So
re=(1,0,¢'(x)), ry=(0,1,=H'(y))
and

e = (0,0,¢" (%)), ryy = (0,0, —n"(y)), vy = (0,0,0).

Now we calculate the coefficients of first and second fundamental form as

E=ron=1+8@?% F=ron=g@l(), G=rrn=1+K0? @0.12)

Therefore
EG—F*=1+¢(x)*+H (> (2.0.13)
Now
i j ok
rexry=11 0 g |=(-&x),")1).
01 /()

So, the unit normal vector is given as

No Xy (8.0 0) 1)
lrexmyll  /1T+g (x)2+H(y)?
Therefore,
" o
L=ryN= 8 ()C) , M:rxy'N:07 N:ryy‘N: (y) ‘
V1+g (x)2+ 1 (y)? V14 @02+ ()2
(2.0.14)

20



Translation surfaces in Euclidean 3-space E>

Now
v 7
IN— M2 — 8 (xz)h () N
1+g'(x)*+ 1 (y)
Substituting (2.0.12) and (2.0.14) in (1.0.2), we get
)
(1+g'(x)2+1(y)?)*
Let K = c¢(constant) and g"(x) # 0, then from (2.0.15), we have
h"(y) _c

(1+g'x)2+r(y)?)?  —g"(x)

Differentiating w.r.t. y on both sides, we get

(148 ()2 + 1)) 1" (v) = 41 () (v)? = 0.

Similarly let 2" (y) # 0, then from (2.0.15), we have

Y@ e
(1+gx)2+H ()2 —H'D)

Differentiating w.r.t. x on both sides, we get

(148" (x)>+ 1 (y)*)*8" (x) —4g'(x)g" (x)* = 0.

Comparing (2.0.16) and (2.0.17), we get
W'y ")
KW' ()2 gx)g"(x)?
which is not possible as f(x) and g(y) are independent.
Hence, g"(x) =0 or 1" (y) = 0.

Let g"(x) =0, we get
g(x)=ax+b, a,beR.

Therefore from (2.0.11), we have

r(xvy) = (xayvax+b_h(y)) = (07yab_h(y)) +X(1,0,CZ),

which is a cylinder.

21
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Translation surfaces in Euclidean 3-space E>

Theorem 2.0.4. Let S be a translation surface with constant mean curvature H # 0 in
3-dimensional Euclidean space E3. Then S is congruent to the following surface

V1 2
r(x7y): (xv.%_%x \/1—4H2X2—(1y>, acR.

Proof. Let S be the surface with constant mean curvature H # 0.

Substituting the values of fundamental coefficients from equation (2.0.12) and (2.0.14) in

(1.0.2), we have

g' () (L+H (y)?) =" (y)(1+¢'(x)?)
2V T+ g @2+ W )21 +g (02 +1 (3)?)

H =

or

g ()(A+H () =n'()(1+¢(x)?)
2(1+¢/(x)2+ 1 (y)?)?
Since H is constant, therefore H' = 0.

H= (2.0.18)

Therefore, (2.0.18) can be written as

_3
2H = [¢"(x)(1+K (3)?) =K' () (1 +&'(0)*)] [1+& (0 +H ()] *.
Differentiating w.r.t. x and taking g = g(x) and & = h(y), we have

0=[g"(1+h?)—2g'¢"n"] [1+¢*+1?] iy [&"(1+Hr%) —h'(1+¢7)]
=31 +g2+1%) gy
= [g”’(l ~|—h’2) — 2g'g”h”] [1 +¢” +h’2] “i_ 3¢'g" [g"(l +h’2) —h"(1 —l—g'z)}
[1+g"7+n"?] -3
= [¢"(1+h?) —2g'g"n"] [1 + &>+ "] R
65" [¢"(1+12) —H'(1+g2] [1+g2+1?] "
[ 2[1+g2+h?2)

Using (2.0.18), we get

_3
2

_ [gm(l + h/2) _ zg/g//h//] [1 +g/2 4+ h/Z} _ 6Hg/g” [1 +g/2 + hlz] -1 :

22
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that is
[ (142 —2g'g"W') [1 8% +H?) * = 6Hg's". 2.0.19)

Differentiating (2.0.19) w.r.t. y, we get
0=[20'K"g" —2¢'¢" "] [1+ &%+ h?] “1_ % [1+87+n? =3
x 200" [g"(1+h?) —2g'g"h"].
Using (2.0.19), we get
= 2K'H"g" —2¢'¢"n"| [1+ & + 1" "1_ 6Hg'¢"W'n" [1+ g+ 1] .
or
[20'H"g" —2¢'g"W"] [1+ " + "] 1_ 6Hg'g"W'h" =0. (2.0.20)

Assume g"(x) # 0 and A" (y) # 0.
Dividing (2.0.20) both sides by g’g”"h’'h"’, we get

|: g/// h///

1
2 212
g'g" - h’h”] [1 +g' +h }2 =3H. (2.0.21)
Differentiating (2.0.21) w.r.t. x, we get

"

g/// g 1 1
O:{ 1 [1_|_ /2+h/2]2+[g }2[1+g/2_|_h/2} 22g/g//

g/g// /g//

1 K" g
_Eh/h// [1 +g/2+h/2] 228/3//
g”/ / 2 2 l ” ” / // n’
_ / 1272 2
- [g/g//} [1+g +h ] + [1+g +h { " h/h”]
_[&” /[1+g’2+h’2}3+ 1+ +h?: , ,[8" "
g/g// [1 + Lo 12 +h/2] g g h/h//
Using (2.0.21), we get
g///(x> / ) s / §
/ El
{g—/(x)g//(x)} [+ (x)*+H (y)?*)2 +3Hg (x)g"(x) = 0. (2.0.22)

So g"(x) #0and K" (y) #0,
implies that H = 0, which is contradiction as H # 0.
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Hence g"(x) =0 or 1" (y) = 0.
Assume A" (y) = 0. Let h(y) = ay, where a is constant.

Then from (2.0.18), we have

g'(x)(1+a’)

3

2[1+g'(x)>+a?]2

H =
¢"(W)(1+a?) =2H [1+¢' (1) +a*]?.

Solving this equation, we get

v1+a

glx)=— \/1—4H2(x—|—cl) +c, c1,00€R.

Therefore, the surface is

v1+a

7=— \/1—4H2 (x+c1)2+cr—ay.

This proves the theorem. ]

Theorem 2.0.5. Let r(x,y) = (x,y, f(x) + g(y+ ax)) be an affine transation surface with
non-zero constant mean curvature H, then r(x,y) is of the form
r(x,y) = (x y, £ 1+b V1 —4H?x?> —abx+ g(y+ax) + cz) )

where a,b,c| and ¢ are constants.

Proof. Let S be the affine translation surface with non-zero constant mean curvature in
E3.
Then on substituting the values from (2.0.6) and (2.0.7) in (1.0.2), we get
"(1+g%)+¢" (1+a +f'2)

2[1+(f +ag)? + g7

H= (2.0.23)

It is clear that f?> + g% # 0. If f/ =0 that is f’ = b is constant, (2.0.23) becomes

g//(1+az+b2):2H[1+(b+ag) +g' }%
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or
2H 3
"= [14+b* +2abg' + (1 +a?)g"]?
3 3
2H(1+a*)? [ ,  2ab , 1+b0>  a*b? a*h* |’
=——>—2> g+ g+ — +
1 +a?+b? 1 +a? 1+a2 (144a2)?  (1+44a3)?
3
2H(1+d%)? b \? 1 252\ |°
1 +a?+ b2 1 +a? 1 +a? 1 +a?
3 3
C2H(1+a%)? ), b 2+ 1 (1+a2+b*\|°
T a2+ |\& Tt 1 +a? 1 +a?
2\3 2 > 272
_ 2H(1+a%)2 , ab l+a”+b (2.0.24)
Putting
3
1 2 b2 2H 1+a2 2
A= T B:—(2 )2
(1+4a2)? 1+a2+b
that is
3
ab \2 Ak
//:B / A
g <g+1+a2) + :
or
dg' . / ab 2 :
d(y+ax) (g * 1+a2) * ’
or
d/
& -~ = Bd(y+ax). (2.0.25)

b 2 2
{(g/ T lia2> +A2}

For solving (2.0.25), let x = g'+ 7%, then dx = dg'.

Hence on integrating, we get

dx
/—<x2+A2)% = B(y+ax).
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We have to find
d x (AN (P AN 2
dx \ (2 4 A2)} N (x2 +A2)
(x2 4 A?%) — x?
(a2 +-42)2
A2
(2 +A42)3
That is
A2 d x
(x2+A2)3  dx|(x>+A%);
or
/ dx B X
(R24+A2)7 AW +AT
or
g+
l+a = =B(y+ax)+c;.
2 2
A \/(g + 1+a2> +4
This gives
b A’B
g = Otar) (2.0.26)
L~ T ARG e
Where ¢ is an integral constant, for simplicity we choose ¢; = 0.
Therefore solving (2.0.26), we obtain
b
gly+ax) = i \/1 A*B2(y+ax)? %(y%—ax) )
 Vita+b? +a® +b?
+ax +ax)+c;.
SETN v 1+ 2y y- 1+ 0 Fan)te
That is
V1+a?+ b2 a
ghytax)=+————— H(1 ) \/1 +a?—4H?(y+ax)? — 1_|_a2(y+ax)+cz,
where ¢ is an integral contant.
Now if f” # 0, then from (2.0.23), we have
3
"0+ +¢"(1+a*+ 1) =2H [1+(f' +ag')* +47] . (2.0.27)
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Differentiating (2.0.27) w.r.t. y, we have

1

2f//g/g//+ (1 +a2 +f/2)g/// — 3H |:1 + (f/+ag/)2+g/2:| 2 |:2(f/+ag/)ag//+2g/g//i| 7

that is

1

2f//g/g//+ (1 _|_a2+f/2)g/// — 6H [1 + (f'-l—ag')z-i-glz} 2 (af/g"-i-azg’g"-l-g’g").
(2.0.28)
Differentiating (2.0.27) w.r.t. x, we have
g
f/// (1 + g/2) + 2a f// g/ g// + ag'" + a3 g/// + 2 f/ f//g// +a f/2 g///
=3H[1+(f +ag)? + g2 [2(f +ag)(f" +a’¢") +2ag'g"]
1

— 6H [1 + (f/+ag/)2+g/2] 2 [f’f”—i—azf'g"—i—ag'f”—i—a3g'g"—|—ag'g"} ,

that is
f”/(l _|_g/2) + 2f/f//g// + 2af"g’g" + ag/// + a3g/// + aflzg///
1
— 6H [1 +(f/+ag/)2+g/2] 2 [f’f"+a2f'g'/—|—ag'f”—|—a3g/g"—l—ag'g”} ’

or

FI+8%) +2f f"g" +2af"g'e" +a(l +a + )"
=6H [1+(f' +ag')*+ g7 2 la(af's" +a*s's" +d'8")+ ff"+ad f']. (2.0.29)
Multiplying (2.0.28) both sides by a and comparing with (2.0.29), we get
1+ g2+ 21 f'g" = 6HD(f " +ag'f"), where D= [1+(f+ag)+¢?]*.

(2.0.30)
Using (2.0.24), we get

"_ 2HD* - f//(l +g/2>
8 1+a2 +f/2 :
Equation (2.0.30) becomes
2HD3 _f//<1 +g/2)
1+a?+ f7

f”’(l +g/2)_|_2f/f// { } — 6HD(f'f”+ag’f”),
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or

f///(l+g/2)(1+az+f/2)+2f/f” [2HD3 —f”(l—f—g/z)}

_ 6HD(f/f”—|—ag/f")(1—|—a2+f/2),

or

f///(1+g/2)(1+a2+f/2)_Zf/f//2(1+g/2)
_ 6HD(f’f”+ag/f”)(l +a2 +f/2) —4Hf/f//D'D2

= 6HD(f'f" +ag'f") (1 +a* + f?) —4HDf' f" [1+ (f' +ag')* +¢7]
—2HD [3f/f// +3f/f//a2 + 3f/3f// + 3ag/f" + 3a3g/f// + 3ag/f/2f"}

[_Zf/f//(l +f/2+a2g/2+2af/g/+g/2)]

—2HD [3f/f// + 3f/f//a2 + 3f/3f// + 3aglf” + 3a3g/f// + 3ag’f'2f"}

[_2f/f// - 2f13f// _ 2a2f/f//g/2 _4af/2f//g/ _ 2f’f”g/2}

=2HD [f'f"+3af "+ 2"+ Baf" +3a° " —af?f")g —2f f"(1+a*)g?] .

Squaring both sides and put the value of D, we get

[f,//(1+g/2)(1+a2+f/2)_2f/f”2(1+g/2)]2 :4H2 [1+(f/+ag/)2+g/2]

[f’f”+3a2f'f"+f/3f”+(3af”+3a3f"—af’2f")g/—2f’f”(l+a2)g’2}2.

(2.0.31)

The coefficient of highest order 6 of g in above equation (2.0.31) is 16H>(1 +a?)3 2 2.

Therefore f” # 0 means that g’ is a constant.

Put g’ = b, (2.0.23) becomes

(1+b%)f" =2H [1+b*+ (ab+ f')?]?.

[\S1|9%]

On solving equation (2.0.32), we get

V14 b2
flx) ==+ 21—; V1 —4H?2x? — abx + c3,

which proves the theorem.
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Chapter

Translation surfaces in Minkowski 3-space

E;

In this chapter, we discuss the translation surfaces with zero and non-zero constant mean
curvature and non-zero constant Gaussian curvature in E 13 and affine translation surface

with zero mean curvature. This chapter is a survey of the articles in [4, &].

Theorem 3.0.1. Let S be a translation surface with constant Gaussian curvature K in

3-dimensional Minkowski space E 13 Then S is congruent to a cylinder, so K = 0.

Proof. In Minkowski space E3, by a transformation in E f’ the translation surface S can be

written as
z=g(x) —h(y),
or
x=g(y)—h(z)
Accordingly, we have
r(x,y) = (x,y,8(x) = h(y)), (3.0.1)
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or
r(y,z) = (g(y) — h(z),y,2). (3.0.2)

Then for (3.0.1), we have
E=r.,-r,=1 —g'(x)z, F=ryr= g'(x)h’(y), G=ryry=1 —h’(y)z.

Hence
EG—F?>=1-g(x)?>—H(y)>. (3.0.3)
Therefore
N CEWHG).D
VI=g @2 =K (y)?
Substituting the above found E, F,G and L,M,N in (1.0.2), we get
—g" ()" (y)
(1-g'(x)> =1 (y)*)*

Similarly for surface (3.0.2), we have

K— (3.0.4)

Vy:(g/(y),l,()), rZ:(_h/(Z)>0’1)7 ryy:(g//<)’)7070)7 rZZ:(—h”(Z),O,O), ryZ:(Ov()?O)'

Therefore

E=ryry,= g/(y)2 +1, F=ryr,= —h/(z)g'(y), G=r,r,= h'(z)2 —1.

So
EG—F>=(1+g ()W (@) —1) =M ()¢ () =1 (x)* —& (> — 1.
Now
ryxr;=(1,—¢'(y),h(z)).
So
_ (L0 E)
VI ()?—g(2)? -1
Therefore
LN g"(y) . M=r.N=0, N=r..N= W) |

(W22 —g ()2 —1)7

8=

(W(z)?—g'(y)*>—1)
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On using these values of L,M,N in (1.0.2), we get

e 8O (3.0.5)

(W(2)>— g (y)?—1)"

Now if K is constant, then from (3.0.4) and (3.0.5), we have g’ = 0 or h”” = 0, which is

again not possible like as in theorem (2.0.3). So we again get a contradiction. Hence the

surface is a cylinder. O

Theorem 3.0.2. Let S be a translation surface with constant mean curvature H # 0 in
3-dimensional Minkowski space E 13 Then
(i) if S is spacelike, it is congruent to the following surfaces or a part in E 13

(a)

vV1—=ad2
7= 2Ha V1+4H2x2 —ay, |a| <1,

or
(b)
Va*+1
x=ay— ‘12; VA4H?72 -1,
or
(c)

Vi@ =1
x= aZH V1+4+4H?y? —az, |a| > 1,

(ii) if S is timelike, it is congruent to the following surfaces or a part in E13 :

(d)

vV1—ad2
== 2Ha VAH 2 —1—ay, |a| <1,
or

(e)

Va1
= aZH V1—4H2x2 —ay, a| > 1,
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or
()
1+ a?

x=ay+ > V1+4H?72,
or
(g)

Va*r—1

x=— ZH VAH*? —1—az, |a|>1,

or
(h)

V1 =ad2
x= 2Ha V1—4H%y? —az, |a| < 1.

Proof. Let S be a surface with constant mean curvature H # 0 in Minkowski space E]3

Let the translation surface in E 13 be

r(x,y) = (x,y,8(x) — h(y)), (3.0.6)

or
r(y:z) = (8(y) —h(2),y,2). (3.0.7)
For surface (3.0.6), we have calculated the the value of E,F,G,L,M,N and EG — F? in
(2.0.12), (2.0.14) and (2.0.13).
On substituting these values in (1.0.2), we get
e e GRS
23/1—g2—h?(1—g?—n?)’

where g = g(x) and h = h(y);

or
g”(l _ h/Z) —h"(l _g/2)

2[1 _g/2 _hIZ]%
Assume in (3.0.8), g”(x) # 0 and A" (y) # 0, we have

H= (3.0.8)

_3
2

2H — [g”(l _h/2) —h”(l _ng)} [1 _g/2 _h/Z}
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Differentiating w.r.t. x, we get

0 =[g"(1-n?)+2¢'¢"n"] [1 —g*—h?] Ty [&"(1—=H?)—H'(1—¢")]
3012 H(2gs")]
= [g"(1 )+ 2g'g"") [1 - g” — 1] 2
1388 [ (1= H2) — (1~ g2)(1 - g~ )] 2.
Using (3.0.8), we get
[¢"(1- n?) + 28'g"n"] [1- g - hlz} -3 +6¢'¢"H [1— g% - h’z} - 0,
or
(8" (1—H?)+2¢'¢"n"] [1 - ¢ — 1 1o —6Hg'g". (3.0.9)

Differentiating (3.0.9) w.r.t. y, we get

_1
2

0=[-2¢"Wh +2¢'¢"n"| [1 —g*— 1?2 -~ [1-g*— "] -3
[—21'H"] [§" (1= 1) +28'¢""]
that is
[_g///h/h// + g/gl/h//lj| |:1 o g/Z - h/2j| % — 3Hg/g// /]’l”.

Dividing both sides by g'g”"h'h", we get
m "
3H = [g/g// + Wh'
Differentiating (3.0.10) w.r.t x, we have
m! "
- —g" 1
O — lglggl, :| [1 _gl2 _ h/Z]% _ |:g/§// :| 5[1 _g/2 _ h/Z]f%zg/g//
1 h///
Y%
- g/// ! 1 1 . g/// W
— {g/g//} [1 _glz . hxz] 5 _ [1 _gxz . hlz] 2g/g// g/g” + S
1
|i_g/”:|/[1 _glz_h/2]§ [1 _glz_h/2]2 rn |:_g/” n" :| ‘

g/g// : - [1 _g/2 _ h/Z] g/g// + Wh'

} [1—g2%— 1?2, (3.0.10)

[1 o g/2 o hlz]—%zg/g//
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Using (3.0.10), we get
P W =0 Go
g'(x)g" (x)
Equation (3.0.11) yields H = 0, which is a contradiction to the assumption that H # 0.
Hence either g”(x) = 0 or A" (y) = 0.
So, for the surface (3.0.6), by a transformation in £} we can assume h”(y) = 0 so A(y) =

ay. Hence from (3.0.8), we have

N\w

g'(x)(1—a*) =2H(1-a* — ¢'(x)*)?, (3.0.12)

or
g'(x)(1—a®) =2H(g' (x)> —1—d?). (3.0.13)
Solving (3.0.12) and (3.0.13), we obtain
«/1 _
a? \/1

g(x) = +4H2(x+c1)2+c2, c,2€R,  a| <1,

the surface is spacelike and congruent to the surface (a) given by the theorem.

vl—a

g(x)=— \/4H2x+c1)—1+62, c,2 €R, a] <1,

the surface is timelike and is congruent to the surface (d) given by the theorem;

and

—1
a’ \/1—4H2(x+cl) +c, c,e€R,  a|>1,

g(x) =
the surface is timelike and congruent to the surface (e) given by the theorem.
Now for surface (3.0.7), let g = g(y) and h = h(z).
The values of E,F,G,L,M,N and EG — F? have been calculated in (2.0.12),(2.0.14) and
(2.0.13).

Hence

e g//(h/z_1)_0+(1+g/2)(_h//)

Z(hIZ_gIZ _ 1)(h’2 _g/2_ 1)%
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or
" h/2_1 —n 2 1
O Ut bl V) (3.0.14)
z‘h/z_g/z_”g

or

NSO

2'H — [g//(h/Z_ 1) _h//(g/2+ 1)][I’l/2—g/2— 1]— )

Differentiating w.r.t. y and assume g”(y) # 0 and 1" (z) # 0, we get

_3
0= [g///(hxz_ 1)—2g'g"h”} [h/Z_g/Z_ 1] 2 + [g//<h/2_1)_h//(g/2+1)}
3
SR )
(h/2 _ 1) —h”(g/z-f- 1)
2(h/2_g/2_1)%

"
_ [g///(hIZ —1) —ZgIthN} [h/2 _g/2 _ 1]—% 1 6g'g" [g
[hIZ g 1] -

Using (3.0.14), we get

0=[g"(h*—1)—2¢'¢"h"] ["* —g? 1] iy 6Hgy" W g% 17",

or

1
[g///(hlz —1)— 2g/g//h//} [h/2 _g’2 _ 1} 2= _6Hg'g". (3.0.15)

Differentiating (3.0.15) w.r.t z, we get
1

0= [ngh/h” - 2g/g”hm} [h/2 _ g/2 _ 1] -2 _ % [hxz _ g/2 _ 1} —% [Zh/h”}

[g///( h/2 _ 1) _ 2g/g” h"] )
Using (3.0.15), we get

0= [zg///h/h// _ 2g,g”hm} [hlz _ glz _ 1] *% —|—6Hg/g”h/h” [hIZ . g/z . 1] —1 :

or
1

[g/// WH' — g/g// h///} [ B2 _ g/z _ 1} 2 _ _3H g/ g// e
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Dividing both sides by g'g”"h'h", we get

n n

h
—3H = {g‘%’g,, = h,h,/} W?— g% —1]3. (3.0.16)

Differentiating (3.0.16) w.r.t. y, we get

g" / . n 1 11, n 1 I n
0= |5 Wt b |25 S0 gt g

1 h/// N
_ E L [hlz . glz . 1] 3 [_Zg/g//]
"

m ! "
| 8 1) n 1 n 17) Lyl 8 h
- L,/g//} [h -8 — 1]2 - [h -8 — 1] 2g g L,/g// - h’h”}

B " /[h/2 e 1]% - W2 —g? — 1]% g - B
- g/g// 8 [h/Z _g/2 _ 1] 88 g/g// Wh'|"

Using (3.0.16), we get

{ g"(y)
g»)e" ()

D=

] W@ =g 0P — 1 4+3HS ) ) =0.  (3.0.17)

Equation (3.0.17) yields H = 0, which is a contradiction to the assumption that H £ 0. So
g"(y) =0 or h”(z) = 0 and hence for surface (3.0.7), we let g"(y) = 0.

Therefore, by a transformation in E?, we assume g(y) = ay. Then from (3.0.14), we have

N\w

—1"(2)(1+a®) =2H (K (z)* —a® —1)2, (3.0.18)

or

N\w

—h"(z)(1+a*) =2H(a®*+1—H1(2)*)2. (3.0.19)
Solving (3.0.18) and (3.0.19), we obtain

v1+a

h(z) = VA G+ )P~ 1+ e ER,

the surface is spacelike and congruent to the surface (b) of the theorem;

v1+a

h(z) =

\/4[‘12 z+c1) +14c¢, c1,00€R,
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the surface is timelike and congruent to the surface (f) given by the theorem.
Now assume for surface (3.0.7), h”(z) = 0. So let h(z) =
Then by (3.0.14), we have

[SI[O8}

g' (@ —1)=2H(a* —1-¢'(v))2, (3.0.20)
or
" 2 . 1782 243
g (@ —1)=2H(g(y)"+1-a")2. (3.0.21)
Solving (3.0.20) and (3.0.21), we obtain

\/—\/1

gly)= +4H?(y+c1)?+c2, c,c2€R, a| > 1,

the surface is spacelike and congruent to the surface (c) given by the theorem;

\/_

g(y): \/4H2 y+C1) _1+C27 C17026R ‘a|>1

the surface is timelike and congruent to the surface (g) given by the theorem;

vl—a

gly) = \/1—4H2(y+c1) +c2, c,€R, Ja| <1,

the surface is timelike and congruent to the surface (h) given by the theorem.  [J

Theorem 3.0.3. Let r(x,y) = (x,v,z(x,y)) be a minimal affine translation surface in

Mikowski space E13 Then either z(x,y) is linear or can be written as

1 cosh [C\/ 1+ azx]
() = log |~ (3.0.22)

Proof. Letr(x,y) = (x,y, f(x)+g(y+ax)), a # 0 be the minimal affine translation surface

in E13
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Therefore

Now

where [ =

Hence

Now

So

Hence

re=(1,0,f'(x) +ag'(y+ax)), ry = (0,1,¢' (y +ax)),
o = (0,0, f"(x) +a?g" (y+ax)), ryy = (0,0,¢" (y +ax)),

Fay = (0,0,ag” (y+ ax).
E = 1—(f/+ag')2, F = —(f’—f—agl)g/, G— 1_g,2,
f(x) and g = g(y + ax).

EG—F*=[1—(f'+ag)’] [1 - "] + [(f'+ag)’s"]
=(1-¢%) ~ (' +ag)*(1+5 %)

=1—(f +ag)? - g~

T'x X ry = (_(f/+ag/)7_gla 1)

_ (= +ag) =6 1)
\/1—(f’—|—ag’)2—g’2

LN U
_rx_x' — \/1_(f/+ag/)2_g/27
2
_ _ —as
M—rxy - \/1—(f’—i—ag’)2—g’27
o
N=ry N= §
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Since the surface is minimal, so H = 0.

On substituting the values of fundamental coefficients in (1.0.2), we get

—(f"+a’¢")(1—¢"?) —2ag"g (f' +ag) —¢"(1 - f* —a’g* —2af'g)
—f”( ) azg// +a glzg// Zle/ M 2g/2gu g
—l—f’zg"+a2gl2g"+2af’ I/
_ —f//(l _g/Z) —g”(612+ 1 _f/Z)‘
That is
f// g//
1+ az — f/2 /2
Differentiating (3.0.23) w.r.t. y, we get

d <1g” )d(y+ax) 0,

=0. (3.0.23)

d(y+ ax) dy
or
d g//
=0. 3.0.24
d(y+ax) <1—g’2) ( :

Now differentiating (3.0.23) w.r.t. x, we get

d f// d g// d
d_)c(1+a2—f’2)+d(y+ax)(l— )d—(y+ax) 0

/! !
4 / ta—t £ _)=o (3.0.25)
dx \1+a?— 2 d(y+ax) \ 1—g*
Using (3.0.24) in (3.0.25), we get

d f//
— — ) =0.
dx (1—|—a2—f’2)

f// _ g//
1+a2—f’2 1_g/2

or

Therefore, we have

where c is constant.

If c =0, then /" = g¢”" =01i.e. r(x,y) is a plane.
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Now if ¢ # 0, then we have the following system of differential equations

f//

1+a2_f/2:_c

and
/!

8
1_g/2

On solving (3.0.26) (3.0.27) respectively, we get

=C.

flx)= %log ‘2c0sh [cV/ 14 a%x] ‘

1
gly+ax) = - log |2 coshc(y + ax)]| .
Adding (3.0.28) and (3.0.29), we have

1

3
FO)+8(y-+ax) = Elog cosh [cV/1 + a?x] |

cosh[c(y+ax)]

Hence the theorem is proved.
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Chapter I

Translation surfaces in Hyperbolic 3-space

H3

Introduction

Till now we have discussed the translation surfaces with zero and non-zero constant mean
curvature in Euclidean 3-space E* and in Minkowski’s 3-space E? Now 1in this chapter
we consider minimal translation surfaces in three-dimensional hyperbolic space H?. This

chapter is a survey of the article in [7].

Theorem 4.0.1. There are no minimal surfaces in H> that are translation surfaces of type

I as defined in Eq. 1.0.4.

Proof. To prove this theorem, we assume that S is a translation surface of type I given by

the parametrization (1.0.4). From (2.0.2), we know that

1 (1+g/2)f//+(1+f/2>g//
H, =~ :

2 (1_|_f/2_|_g/2)%

Let us now calculate N3,
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Translation surfaces in Hyperbolic 3-space H?>

let the surface be
r(‘x7y) = (x7y7f(x)+g(y))7

we have

rx:(lao,f/)a rxx:(0,0,f”), ry:(()?l?g/)? i’yyZ(O,O,g”), rxy:(o’()’())‘

Therefore
i j k
rexry=11 0 f|=i(=f)—jlg)+k(1),
01 ¢
that is
rxxry:(_f,y_glal)-
Implies
I xry | = T+ 77+ 52,
Now
N: rxxry _ (_flu_glvl)
eyl /T4 f2 4 g2
Hence

1
3= —F
/1+f/2+g/2

Now from equation (1.0.3), we have

1+ 12\ £ +(1+ 12\ I 1
H— (g | QW AN |
2(1 +f/2+g’2)7 /1 +f/2 _|_g/2
If the surface is minimal that is H = 0 on S, we have
1+ 2 //+ 1+ AW 2
(1 +f/2 +g/2)7 /1 ‘|‘f/2 _|_g/2
that is ) )
1 1 ‘I’ / /! ‘I’ 1_|_ /. 7
VI+f?+g? I+ f=+g
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or
(f+8) [A+g2) " +(1+ )" +2(1+ f*+57) =0.

Dividing on both sides by (1 +g'?)(1+ f"?), we get

f// g// } 2(1+f/2+g/2) B

I+ (1+g2)

(f+g) |:1+f/2+ 1+g/2

that 1s

1/ " o 12 n
f g }_ 21+ f“+¢") 4.0.1)

) {1+f’2+1+g’2 () +g%)
Differentiating equation (4.0.1) w.r.t. x, we get
o+9(vipe) o [ i
. [(1 +f2) (48721 " — (14 f2+8%)(1 +g’2)2f’f”1
(1 +f’2)2(1+g'2)2
_ {2f’f”(1 +f)(1+8%) 27" (1+ 2 +82)(1 +g’2>}
(1+f’2)2(1+g’2)2
1+f/2_1_f/2_g/2
(L4772 (1+¢7)? }

_ _4f/f//(1 +g/2) [

4f/f//g/2
(1+/2)(1+¢7)’

that 1s

f// ! , f// g// B 4 f/ f// g/2
o9 (vim) S (Fp i) w609

Differentiating (4.0.2) w.r.t. y, we get

g/ 1" /‘f’f/ g ' _ af' f" (1 +g’2)2g'8” - Zglzg’g"
1+f/2 1+g/2 (1 +f/2)2 (1 +g/2)2
8f/f//g/g//
- (1 +f,2)2(1 _|_g/2)2’

f/( g// )/+g/( f// >/: Sf/f//g/g//
1_|_g/2 1+f/2 (1_|_f/2)2(1+g/2)2'
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Dividing on both sides by f'g’, we get

1 g// / 1 f// ! B 8 f// g//
o (i) 5 ()~ 009

Now differentiating equation (4.0.3) w.r.t. x, we have
l( f// )//+ (l)l( f// >/: Sg// l(l_|_f/2)2f///_2f//(1_|_f/2)2f/f//}
f/ 1+f/2 f/ 1+f/2 (1 +g/2)2 (1 +f/2)4

8g” [(1 +f/2)2f///_4f/f//2(1 +f/2):|

- (1+g72)2 (1+ )4
_ 8g”(1 +f/2) {(l +f/2)f///_4f/f//2]
(1_|_g/2)2 (1+f/2)4 ’

that is

1 f// " 1 ! f// /_ 8 g// (1 + f/2) f///_ 4 f/ f//Z
7o) () ()~ [ @

Differentiating equation (4.0.4) w.r.t. y, we get

0—3 [(1+g/2)2 /// 2g//(1+g/2)2g/ //} {(1+f/2)f///_4f/f//2}

(1+¢2)* (14/72)?
B n (1+g/2)g///_4g/g//2} {(l_i_f )f/// 4ff//2}
—see [ (1+77F

g [(1+g12) /// 4g/ //2} {(1+f/2)f///_4f/f//2}
(1+g7)° (1+£7)°

— |:(1+g ) " 4g/ //2] |:(1+f/2)f///_4f/f//2:| )
This implies either
(1+g ) " 4g/ 2 O (4'0.5)

or
(L+ )" —4f f* =o0. (4.0.6)
We assume that

(1 +f/2)f/” _4f/f//2 —0
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On integrating, we get

" =a(1+ ), (4.0.7)

for some constant a.

Now substituting equation (4.0.7) in equation (4.0.3), we get

1 ( g )’+ 1 (a(1+f’2)2)/: ( 8a(1+ f)%"

g \1+g2) "\ (1477 L+ f2)(1+g7)
that implies
1 g\ 1 Y 8ag”
Sl - B — (a1 — -5
g/ (1+g/2) +f/ (a( +f )) (1+g/2)2’
or /
1 g’ a ! it 8ag"
S (- B “ 0 -7
g (1+g’2) = e
that is ,
1 g// 9 8ag//
— 2af" = —5—. 4.0.8
g (1+g’2) P2l gy @08

Let us discuss several cases:

Case I: Let a = 0, then from equation (4.0.7), we have

f//(x) — O7

this implies
f(x) =mx+n,

where m,n € R,;

and from equation (4.0.5), we get
g"=b(1+g?)

for some constant b.

Therefore, from equation (4.0.1)

f// g// :| _ (1 +f/2 +g/2)

U9 [T Thg] = 2t
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or
b(1+87)] _ —2(1+m*+¢")
0 —
bt o+ T | = e
or ) ,
—2(1+m*+¢")
b= ) 4.0.9
(mx+n+g) (+n2)(1+¢7) ( )
Subcase 1: If b = 0, then m = 0 and from equation (4.0.9), we have
—2(1+¢?)
n+gb=—7——->-—,
(n+e) (1+g?)
that is
(n+g)b=-2.

This implies that g is a contant function and so g” = 0 and b = 0, a contradiction.
Subcase 2: If b = 0, then g(y) = py+¢;p,q € R.

Now equation (4.0.1) can be written as

0-(1+¢2)] _ —2(1+m’+p)
(mx+n+py+61){ (1+¢2) } (1+m2)(1+ p?)’
or
_ 2(1+m? +p?)

(1+m?)(1+p?)’

which is again a contradiction.
Case II: Now suppose a # 0, from equation (4.0.8) and since x and y are independent

variables, there exists a constant b such that
2af" = —b. (4.0.10)

Combining (4.0.8) and (4.0.10), we have

1 " / 8 "
o 8 - o = _2af,/ = b7
g\1+g?) (1+g?)

1 g// ! 8ag” .,
g/ 1+g/2 (1+g/2>2 -
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In particular from equation (4.0.10), we get

—b
n_ Y
1= 2a°
On integrating, we get
f(x)z_—x2+mx+n, m,n € R.

4a

From this expression of the function f together with the differential equation f” = a(1 +
f"?)2, we obtain a 4-degree polynomial on x whose coefficients on x must vanish. This
yields b =m = 0.

Equation (4.0.3) implies that

l g// /+ l f// /: 8 f// g//
g/ 1+g/2 f/ 1+f/2 (1+f/2)(1+g/2)2’

that implies

0— 1 g// /+ 1 a<1+f/2>2 /
- g/ 1+g/2 f/ 1_'_f/2
B 1 g// / a(1+f'2)’
RCANEYTY
_ 1 g’ I+a 1+b2x2 !
o g/ 1+g/2 / 4a? ’
that is /
1 /!
(=2 =0,
g \1+g"
or

N,
1+g/2
Then g” = p(1+g'%) for some constant p € R.
From equation (4.0.1), we have

f// N g// _ ., (1+f’2-|-g’2)
L+f? 1+g?) T+ f2)(1+g7)

o (
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or

2
(—b ) ( )) ( b ) ) <1+4%x2+g’2>
—x"+mx+n+g(y ST TP =~ .
4a 2a(1+ f?) (1—}-%)62) (1+g"?)

Here b =m =0, we get
(n+g(y)p=-2,
which concludes that g is a constant function and p # 0, a contradiction with the fact that

g" =p(1+g"). O

Theorem 4.0.2. The only minimal surfaces in H> that are surfaces of type Il as defined in

Eq. 1.0.5 are totally geodesic planes.

Proof. Let S be a translation surface of type II, that is S is given by the parametrization

r(x,2) = (x,f(x) +8(2),2)-

Now we compute H, and N3 as

Iy = (l,f/,()), r; = (Oaglvl)'

Therefore
i j k
rexr=|1 0| =i(f)—j(1)+k(g)
0 ¢ 1
rxer:<f/7_1ag/)'
So
Irexrill = VI 77457
Therefore
flv_lvg/
/1_|_f/2+g/2'
Hence
gl

N3 =

/l+f/2+g/2.
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Also in this case, we have

(1+82)f"+(1+/%)g"

H, = 3
21472 +57)
Therefore by (1.0.3), we have
oo (1+g/2)f//+(1+f/2)g// N g/
2(1+f/2+g’2)% /1+f/2+g/2

If S is minimal that is H = 0, then

0=V1+f2+g2 [~z ((1+&%)f" + (1+)8") +28'(1+ 7 +£7)].
Dividing on both sides by (1+ f"2)(1+ g'?), we get

0 f// N g// 2g1(1+f/2+g/2)
=< 1+f/2 1_|_g/2 (1+f/2)(1_|_g/2)’

or

1/ " / 12 2
f g }_Zg(lJrf +8") 4.0.11)

ZL+W+LWQ_U+ﬂm+wY
Differentiating equation (4.0.11) w.r.t. x, we get

Z( f// >/: 2g/ [(1+f'2)2f’f”—(1+f’2+g’2)2f’f”
1‘|‘f/2 1+g/2 (1+f/2)2
4g'f'f" / n
= (1+gl§)(1+f/2)2(1—|—f2—1—f2_g2>
B 4g/f/f// (_ /2)
T RE
_4f/f//g/3
(1+g)(1+f2)*

Hence we deduce the existance of a real number a € R, such that

< f// )/_—4af/f” g/3

= d =2 =qaz 4.0.12
1_|_f/2 <1+f/2)2 an 1+g/2 az ( )

If a =0, then g(y) = p is a constant function and from equation (4.0.11), we have
f(x)=mx+n, mmneR.
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Therefore, the surface can be reparametrized as
V(X,Z) = (xamx+n+paz)'

This surface is vertical Euclidean plane and the surface is a totally geodesic plane, which
is the statement of given theorem.
Now we assume that a # 0 in equation (4.0.12) and we will arrive to a contradiction. In

particular g’ # 0 and from equation (4.0.12), we have

g” =az(1+g?),

or

g3 —azg? —az=0. (4.0.13)

Again from equation (4.0.12), we have

( f// )/: —4le/f//
1+f/2 (1_,_f/2)2'

/(1—{/}'2)/dx__2 / 1fj]:2/ e

Put 1 + "2 =t, we have

Integrating it, we get

2 f’ f’ "dx = dt
Therefore

f// dl
[ il )

= 2a / t2dt

1
—2a +b, beR

2a
b, beR.
=1 +f'2 + €
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Again from equation (4.0.12), we have

g/3

i (4.0.14)

Differentiate w.r.t. z, we get

(1+g/2)3g/2g/1_2g/g/3g//
(1+87)?
B 3g/2g//(1 +g/2) _2g14g//
- (1+g2)
g {Sglz(l +g/2) _2gl4}
(1+¢7)?

:g” 3g/2 B 2g/ . g/3
1+g/2 1+g/2 1+g/2 :

Using (4.0.14), we get

3g/2 2g/
7
a=g {1+g'2_1—|—g/2.az

7

8
“Ti e [3¢"> — 2azg]
! 1
88
1 + g 3g' —2az],
or
/g// _ a(l +g/2)
3¢’ —2az’
that is

2
g”z—,a(lfg )| (4.0.15)
g (3¢ —2az)

Assume (3¢’ — 2az) # 0, since a # 0 using equation (4.0.15) in (4.0.11), we get

Z f// + g// _2 , (1+f/2+g/2
I+f2 1+g2 (1+f2)(1+g?)
or
2 1+ /2 , 1+ /2+ 12
Z —a/2+b+ ?2( 7 g/) :2g ( /gc i N
1+ f (1+g7)g (3g —2az) (1+r2)(1+g?)
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or

1 1 2¢ (14 f2+g?2
Z(b—|—2a ,2—|—Cl y y >: g( _;f +g/2>-
14 f g (3g —2az) (I+/2)(1+g2)
That implies
2a a 28 g2(1+f%+g?)
b+ /2+ 7 7 = N Ty )
I+f% g(Bg —2az)] =z(1+g%)g* (1+f?)
g3 2(1+f%+g?)
(1+87%) J(1+17?)
_ 2a(1+f%+g?)
g2(1+72) 7
or / /
a 2a(1+f2) 2ag? 2a
b+/ 7 :/2 /2+/2 /2_ N
g(3g —2az) g*(1+f%) g*(1+f%) (1+f2)
or
bt a _Za+ 2a B 2a
g —2az) g2 (1+f%) (1+f?)
or
a 2a
b+ ———F—=—,
g (3¢ —2az) g?
or o
bg (3¢ —2az)+a 2a
g/ (Sg/ _ zaz) g12 )
that is
bg? (3¢ —2az) +ag' = 2a(3g — 2az),
or
3bg® —2abzg? + ag' = 6ag' — 4a’z.
That implies

3bg" — 2abzg"* — 5ag’ +4a*z = 0.

If b =0, use this in equation (4.0.16), we have

—5ag’ = —4a’z,
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that is
, 4
= —az.
8 5 <
By using this value of g’ in equation (4.0.13), we have

4 \° 4 \?
Oz(Eaz> —az (gaz) —az

64 553 5316

:E(l 7 —az g—az
16
:—gasf—az

defined in some interval of R, this leads to a contradiction.
Thus we assume b # 0 in equation (4.0.16).
Set x = g’ from equation (4.0.13) and (4.0.16), we have

3bx® — 2abzx* — Sax +4a*z7 =0 (4.0.17)

and

¥ —azp* —az=0. (4.0.18)

Multiplying equation (4.0.18) by 35 and then subtracting from equation (4.0.17), we get
3bx® — 2abzx® — Sax+ 4a’z — 3bx> + 3abzx® + 3abz = 0,

or

abzx? — 5ax+4a’z+ 3abz = 0,

that is
bzx? — Sx+4az +3bz = 0. (4.0.19)

Similarly if we multiply equation (4.0.18) by 2b and then subtracting from equation
(4.0.17), we get

3bx® — 2abzx® — Sax + 4a*z — 2bx> + 2abzx® + 2abz = 0,
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or

bx> — 5ax +4a*z + 2abz = 0. (4.0.20)

Now multiplying equation (4.0.19) by x and equation (4.0.20) by z then subtracting, we

get
bz,x3 —5x2 +4azx+3bzx — bzx3 +Sazx — 4azz2 — Zabz2 =0.
Implies
—5x% +9azx + 3bzx — 4a*7* — 2abz? =0,
or

—5x? 4 3z(3a+ b)x — 2az*(2a+b) = 0. (4.0.21)

Multiplying the above equation by bz, we have
—5bzx® + bz(9az + 3bz)x — 2abz’ (2a+ b) = 0. (4.0.22)
On multiplying (4.0.19) by 5, we get
Sbzx® — 25x +20az + 15bz = 0. (4.0.23)
Adding equation (4.0.22) and (4.0.23), we get
bz(9az + 3bz)x — 25x — 2abz’ (2a + b) + 20az + 15bz = 0,

that is
(9abz* 4 3b%z> — 25)x — 4a’bz® — 2ab*7> 4 20az + 15bz = 0,
or
(9abz® 4 3b°7* — 25)x = 4a’bz® + 2ab*z> — 20az — 15bz,
or
(9abz? +3b*z* —25)x = z(—20a — 15b + 4a°bz* + 2ab’7?).

Therefore, we have
2(—20a — 15b +4a’b7* + 2ab*z?)
(9abz2 +3b%72 — 25)

X =
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Replacing this expression of x in equation (4.0.19), we obtain a polynomial equation on z

as

4a°b3 (2a+b)*2 — b*(16a® — 109a%b — 108ab* — 27b%)2° — 125ab’z> = 0

and z is defined in some interval of R. This implies a = b = 0, a contradiction.

This completes the proof. ]
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